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ABSTRACT 


Theorem of J.L. Walsh, involving the phenomenon of overconvergence, has developec 
a new branch in Approximation Theory. It was first extended by Cavaretta et al whicl 
became the subject of extension of Walsh’s theorem in various other directions In thi 
thesis an attempt has been made to generalise and extend few of them, further. Walsl 
overconvergence by average of interpolating polynomials and their derivatives has be© 
studied in detail. Least square approximating polynomialds are considered seperatly an 
together with average of interpolating polynomials as well. In both the cases it has bee 
shown that results can be obtained for the differences of two sequences when the roots c 
unity are replaced by roots of a". Quantitative estimates are obtained for the deriva 
tive of the sequence of differences of pol3momials obtained from Hermite interpolatioi 
Equiconvergence results in the case of polynomial interpolants in z, z~^ has been extende 
and generalised for the sequence of polynomials in z and z~^ seperatly. Lastly functior 
analytic in an ellipse and hence represented by Chebyshev series are studied. Here ti 
average of polynomials associated with zeros and extremas of Chebyshev polynomials ai 
considered. 
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A power series is said to be overconvergent in a region G containing the circle of convergence 
of the series, if it is possible to select from the sequence of its partial sums a subsequence 
which converges almost uniformly in G. 

In early thirties J.L. Walsh showed that the sequence of differences of the Lagrange 
interpolants in the roots of unity and the partial sums ( of the same degree) of a function 
f G Ap { anal 3 d;ic in \z\ < p, p > \ but not in \z\< p) converges to zero in \z\ < p^. The es- 
sential feature of Walsh’s theorem is that equiconvergence holds in the larger disk \z\ < 
This result attracted Httle attention until early eighties, when a variety of its variations 
began to appear. In 1982 A.S.Cavaretta, A.Sharma and R.S. Varga generalized Walsh’s 
result by comparing the interpolating polynomial of / to the polynomials determined from 
its power series expansion. In 1985 it was remarked by E.B.Saff and R.S.Varga that a 
counterpoint to the above generalization says that the sequence of differences in ques- 
tion can be bounded in at most one point of |zl > p^ and, moreover, given a point in 
p^ < \z\ < p^, there is an admissible / whose differences at that point tends to zero. In 
1986 these estimates concerning the overconvergence of complex interpolating polynomi- 
als where further generalized by V.Totik and K.G.Ivanov A.Sharma. Converse of the 
extension given by Cavaxetta et al was proved by J.Szabados. T.E.Price considered the 
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average of interpolating polynomials to extend the theorem of Walsh. In 1990 Lou Yaunren 
investigated the pointwise estimates of the derivative of the sequence of differences of 
two polynomials ( /) ) associated with /. For any f G Ap and any positive integer 

Z, the quantity /) weis studied extensively by considering the least square approx- 

imation, Hermite interpolation, Hermite Birkhoff interpolation, polynomial interpolation 
in z, 2 “^ etc. In 1986 Lou Yuanren gave a new direction in Walsh equiconvergence theory 
by considering roots of a", |a| < p which was further extended by several authors. 
In 1983 E.B.Saff and A.Sharma extended the walsh theory of overconvergence to rational 
interpolants. While dealing with rational interpolants, meromorphic functions were also 
considered by some authors. T.J.Rivlin considered functions analytic in an ellipse and 
obtained some preliminary results in this direction. 

In this dissertation our effort has been to further investiagate the results for different 
sequences of polynomials in the direction of V.Totik, K.G.Ivanov & A.Sharma and Lou 
Yuanren by using the tools of Walsh overconvergence theory. The material of the thesis 
has been divided into seven chapters, a brief scenario of which we present now. 

Chapter one sketches in brief the development of the work carried out in Walsh equicon- 
vergence theory along with an outline of the contents of all chapters of the thesis. 

In Chapter two an attempt is made to see how far results are valid for average of certain 
polynomials associated with a function in Ap. Let f{z) = akz’^ and L„_i {z; f) be the 
Lagrange interpolating polynomial of degree (n — 1) to the function / at roots of unity. 
For m and n positive integers let w = exp{2-Ki/mn). Set fq{z) = q = 0, 1, . . . , m— 1, 

and define the averages 

1 

^ ^=0 

and 

^ m— 1 

A^-l,ra,j{.Z\ = /g), J = 0, 1, . . - , 

where f) — Y,h=o <^k+njz'‘. Further, for any positive integer Z denote 

i-i 

/) = An—l,mizi f') ^^An-ipnj{z\ f). 

3=0 

Here we study the pointwise behaviour of the sequence f)} obtain some 

quantitative estimates of the quantity liin„_oo|A„_i^„i,{(z; We also consider the se- 
quence /)} which is the derivative of /)} and give some quan- 
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titative estimates of lim„_^oo iiiax|^j=;i investigate some pointwise es- 
timate of /). The concept of distinguished point of degree r and distinguished 

sets is also considered. For a special case, results for the derivatives (mentioned above) 
reproduce and generalise the few eeurlier results of the same chapter. Results of this chapter 
extend the results of T.E.Price [j. Approx. Theory 43 (1985), No. 2, 140-150], V.Totik 
[J. Approx. Theory 47 (1986), No. 3, 173-183], Ivanov & Sharma [Constr. Approx. 3 
(1987), No. 3, 265-280] and Lou Yuanren [ Approx. Theory Appl. 6 (1990), No.l, 46-64.] 


In Chapter three some exact results are given by considering least square approximating 
polynomials to generalise the Walsh’s result. Let Pn-i,r{z', f) be the polynomial which 
minimizes 

1 — 1 




j -=0 k=0 


over polynomials Qn-i of degree < n — 1, where = mn -f c with 7n>l,0<c<Tn 
and r > 1, integers. We compare this polynomial with the polynomials obtained from 
power series expansion of f e Ap and obtain some exact results. The behaviour of the 
sequence of differences is also studied outside its region of convergence. We have succeeded 
in obtaining the results by considering roots of |a;| < p, which generalise the results 
for roots of unity given in the same chapter. Let |q:| < p and |/3| < p be two arbitrary 
points, and let / € Ap. Further, we assume ^ 'n,Sn > Qn and tn > Sn, sequences of 
positive integers, satisfying some conditions. Let P„_i_r(-2, <r, /) is the polynomial which 
noinimizes 


r-1 


E E lQi‘5i("‘) - 


fcM2 




1^=0 / fc =0 


over all polynomials Qn-i € n„_i. Similarly let Ps.-iA^ ,/3,f) is the polynomial which 
minimizes 

E E = /S'* 

i/=0 A:=0 

over ail polynomials Qsn-i ^ 

Here we study the sequence {P„_i,r( 2 , a; /) — P„_i,r(' 2 ?Q:;Ps„_i,i(z, /?;/))} and obtain an 
exact result. Results of this chapter extend a result of A.S.Cavaretta, H.P.Dixit and 
A.Sharma [Resultate Math7 (1984), No.2, 154-163] and generalise a result ofM.P.Stojanova 
[Math. Balkanica (N.S.) 3 (1989), No.2, 149-171] and €is a particular case they give re- 
sults of Totik [ibid] and Ivanov & Sharma [ibid]. 


In Chapter four we are able to extend a few results of Chapter two by considering the 
average of the least square approximating pol 3 momials. For positive integers m and n set 
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ujg^k = exp]^{km + 5 )], for k = 0, . . . , n — 1 and 8 = 0, . . . , m — 1. Here we study the 
polynomial 

1 


m 


«=o 


where for each s = 0, ...,m — 1, is the polynomial of degree n ~ 1 which 

nhoimizes 


»/=0jk=0 


over polynomials Qn-i of degree < n — 1, where r is a fixed positive integer. The results 
of this chapter for roots of unity are generalised for roots of a”. Let |q;| < p and 
j 7 | < p be two arbitrary points, and let / € Ap. Let Gn-i,r(2, a; /) is the polynomial 


m— 1 




s=0 


where a; /) is polynomial which minimizes 

r— 1 n— 1 




u=0 ik=0 

over all polynomials Qn-i G n„_i. Further, we assume dn > n, a sequence of positive 
integers, satisfying some condition. For h a fixed positive integer let ijg^k = + 

g), ] g = 0,...,b— 1, k = Let Gd^-i^riz, 7 ; /) is the polynomial 

Gi,_v(z, ai /) = i E 7; /) 

^ q=0 


where (■ 2^5 75 /) is polynomial which minimizes 


u=0 A:=0 

over all polynomials Qs-i G IIs-i . 

We study the sequence {Gn-i,r(-z, oc\ f) — Gn-i,riz, oc\ Gd-i,i(2,7; /))} and obtain some exact 
results. In a special case the last result gives a result of M.P.Stojanova [ibid]. 


Chapter five incorporates the results for Hermite interpolating polynomials. Here quan- 
titative estimates are obtained for the growth of the derivatives of the sequence of dif- 
ferences of two polynomials. Results obtained here extend the results of Lou Yuanren 
(obtained for Lagrange interpolation) [ibid] to Hermite interpolation and, in a particular 
case, they generalise the results of Ivanov and Shanna [J. Approx. Theory (Beijing) 2 
(1986 ), No.l, 47-64] given for Hermite interpolation. 



Chapter six is devoted to the study of polynomial interpolants in z, z~^. We obtain two 
sequences of differences of polynomials, one in z and the other in z~^. For each sequence 
of ordered pairs {(rri„n,)} of non-negative integers, satisfying some condition let, q, > 
(m, + n,). For any / in Ap, let Lg^^i{z\f) be the Lagrange interpolant of z^f{z) in Ilg,-! 
at the g/'* roots of unity, then /) = Srr^+r^^i{z; Lg.i{z; f)) where 5„_i(z;g) 

denotes the (n — 1)‘^ partial sum of the power series of g{z). Thus z~^A^rn,+n,-i){z': f) 
can be imiquely expressed as the sum of a polynomial in ITto,-! in the variable z gmd 
a polynomial in in the veiriable z~^. We compare the two sequences of polynomials 
by appropiate polynomials obtained from the power series expansion of /. Results here 
extend a result of Caveiretta et al [Resultate Math. 3 (1980), No.2, 621-628.] Further, eis a 
special case, the results for polynomials in z give results of V.Totik [ibid] and K.G.Ivanov 
& A.Sharma [ibid]. 

Finally, in Chapter seven, we consider functions analytic in an ellipse and hence rep- 
resented by the Chebyshev sereis. We obtain quantitative estimates for the sequence of 
differences of two polynomials which are averages of polynomials associated with interpo- 
lating polynomials to a function at the zeros and extremes of the Chebyshev polynomials. 
Particular cases of these results give separate results for the polynomials associated ze- 
ros and extremes of Chebyshev polynomials. Results of this chapter extend a result of 
T.J.Rivlin [J. Approx. Theory 36 (1982), N0.4, 334-345.] 



Chapter 1 


INTRODUCTION 


1.1 We know that, at every point outside the circle of convergence of a power series, 
the series is divergent. But if, instead of considering the whole sequence of partial stuns 
of the series, we a consider particular sequence of these sums, it is sometimes possible 
to obtain a convergent sequence. A power series which has a sequence of partial sums 
convergent outside the circle of convergence of the series is said to be ‘overconvergent ’ 

Let 

n=l 

where Sn is the maximiun coefficient in the polynomial {z{l — Then in each of the 

polynomials moduli of the coefficients do not exceed 1, and one of them is 

actually equal to 1. Also the highest term in this polynomial is of degree 2.4”, whereas the 
lowest term in the next polynomial is of degree 4’^'^^. Hence if we expand g{z) in powers 
of z, g{z) = each term is a single term of one of the above polynomials. The 

radius of convergence of this series is 1, since |a„l < 1 for all n, while = 1 for an infinity 
of values of n. 

In particular, the above series of polynomials is convergent for \z\ < 1. But, since it Is 
formally unchanged by the substitution .z = 1 — m, it is also convergent for |uj| < 1, i e , 
for |1 — 2| < 1. The special sequence of partial sums obtained by taking each polynomial 
as a whole is therefore convergent in a region which lies partly outside the unit cirlcle. 




Let 


fi^) = 

fc =0 

be analytic in \z\ < p but not so in \z\ < p. We shall denote the class of such functions by 
Ap{p > 1). Let /) denote the Lagrange interpolant to f € Ap, of degree (n — 1) on 

the roots of unity ; that is 

/) = /(w^), w" = 1, A: = 0, . . . , n - 1, 

and let 

Pn-i{z;f) = 

A:=0 

be the partial sum of the power series expansion of f(z) in |z| < p. It is known that 
both Ln-i{z\f) [47] and Pn-i{z\f) converge to f{z) in ki < p- Around 1931, Walsh [58] 
observed that the difference Ln-i{z\ f) — /) converges to zero in lz\ < p^, and that 

the convergence is uniform and geometric on any compact subset of I^J < p^. This theorem 
on overconvergence is striking for its simplicity, directness and beauty and it is surprising 
that it remained unnoticed for almost half a century. 

An example of D.J.Newman [12] shows that if the Lagrange interpolating polynomial 
is replaced by the best uniform approximating polynomial L\_i{z\ f) of degree n — 1 to 
f E Apia \z\ < 1, then we can find an /o € Ap such that L\_-^{z-^ /o) — /o) converges 

to zero only for \z\ < p. That is to say, for better approximating polynomials the domain 
of overconvergence shrinks. 


In 1980 a straightforward extension of Walsh’s result was obtained by Cavaretta et al 
[12] by comparing the interpolating polynomial /) to polynomials determined from 

the power series expansion of / : 


Theorem 1.1.1 If for any integer I >1, we set 

^n— f} ~ Ln—l^Z] f') Qfi-i^l(^Z] f'), 

where 

Qn-u{^-J)=f:P 

;=0 

then 


j—Q k=Q 

(1.1.1) 

p 

< 

A 

± 

(1.1.2) 



The convergence in (1.1.2) is uniform and geometric on all compact subsets of the 
region \z\ < Moreover, the result is the best possible in the sense that for any 

point zo with \zo\ = there is a function f € Ap for which (1.1.2) does not hold 
when z = zq. 

This theorem gave the idea to researchers of extending the Walsh theorem in various 
other directions. A brief skech of which we present now. 

Throughout this chapter, unless otherwise stated, p > 1, and f £ Ap always. Also I 
is a positive integer everywhere and n,i denotes the collection of polynomials of degree at 
most n whereas C denotes the whole complex plane. 

1.2 It may be noted that , no sharpness assertions are made in Walsh’s theorem for 
arbitrary functions / G Ap, in particular, no statement is made on the behaviour of the 
sequence {Ln-iiz] f) — P„_i(z; /)}^i in \z\ > fP. Saflf and Varga [42] were the first to raise 
the question whether the difference A„_i_ 2 (^r; /) can be bounded at some points outside the 
circle 1^1 = p^'^K They proved [42] in 1983 that the sequence A„_i,;(z;/) can be bounded 
in at most I distinct points in |zl > p'^', and moreover , given any I distinct points 
with p^"^^ < \zj\ < (jf = 1, . . . ,Z) there exists a function f G Ap such that 

A„-i, 2 (z^;/) 0 asn-*oo (i = l,...,Z). 

The restriction on \zj\ imposed above was later removed by Hermann [17]. He con- 
sidered s and L positive integers with s < I < L and {%}!=! distinct points with p^'^^ < 
IVkl < {k = 1,2, ...,s). Further, let <j) G A^ and tp{z) be analytic in \z\ < 

where r is least common multiple of {Z-M, Z-t-2, . . . , and a* = maxi^^t^s |r 7 jt|. With these 
notations Hermann [17] proved that if uis{z) = n|^j(z — r]k) and f{z) = ujs{z)(f>{z'') +‘tp{z), 
then f E Ap and 

lim A„_i,i(T 7 jk; /) = 0 {k = l,...,s). 

n — ►cx) 

In the direction of Saif and Varga’s above result, further work was done by Lou Yuanren 
[26,27]. 

In 1986 , V.Totik [56] gave quantitative estimates for A„_i,i(z;/) which supplement 



and make more precise the sharpness result of Saff and Varga [42] above. Set 


Using the identity 


= Iim{maxA„_y(2r; 

n~*oo \z\=R 


n—l oo 

An-1,1 (-2^5 /) “ 

A:=0 


where gi{z) = V.Totik proved that 


fi{R)=Ki{R,p), R>0 


( 1 . 2 . 1 ) 


Kii\zlp) = \ 


where 

\z\/p^+^ if l^l > p, 

^ 1/p^ if 0 < \zl < p, 
which improves the above result of Cavaretta, Sharma and Varga [12] and as a corollary, 
he showed that if / is analytic in \z\ < 1 and fi{R) = Ki{R, p) for some i? > 0, p > 1, then 
/ is analytic in \z\ < p. 


Next, considering the pointwise behaviour of An-i,i{z',f) Totik gave the exact form of 
Saif and Varga result [42]. If we set 

Bi{z-,f) = lm|A„_i,j(z;/)p/" 

then from (1.2.1) we have Bi{z;f) < Ki{\z\,p). However it is not clear whether there are 
points for which Bi{z\f) = Ki{\z\,p). In order to examine this situation, we put 


kpif) ■= f) < Ki{\zl p)}, / G Ap, p > 1 . 

Then Theorem 3 of Totik [56] can be stated as follows : If / E Ap, p > 1 and I is any fixed 
positive integer, then 

>P}I 

and 

n {z|0 < 1^1 < p}| < i - 1 
where |5| denotes the cardinality of the set S. 

Totik also showed (Theorem 4, [56]) that for any I points with moduli > P, 

there exists an / E such that Zj S ^i,p(/), j = On the other hand, for 



any 1—1 points {2';}y=i with moduli < p and > 0, there exists a,n f £ Ap such that 
Zj £ j 1, . . . , 1 1. 

These results show that equality of Bi{z\f) and Ki{\z\,p) holds for all but a few ex- 
ceptional points. But it is not clear whether the I points in 6i,p{f) H {z\\z\ > p} and the 
I — 1 points in 6i^p{f) n {z(0 < |z| < p} can exist at the same time. In order to settle this 
problem K.G.Ivanov and Sharma [19] introduced the notion of an (Z, p)- distingmshed set. 


A set Z is an (Z, p)- distinguished set if for some / £ Ap, Bi{z\ f) < Ki{\z\,p) for z £ Z. 


The order of convergence ( or divergence ) at a point of an (Z, p)- distinguished set is 
better than at other points in its neighbourhood for some / £ Ap. Their Theorem 1 gives 
a criterion to determine whether Z is an (Z, p)- distinguished set or not, when Z = 
is such that |zj| < p,j = 1,2,.. .,p and \zj\ > p,j = p + In order to state the 

result, they defined the matrices X, Y and M — M {X, Y) as follows 



( 1 Z\ 

z\ 


^ 1 '' 

X:= 

1 Z<1 ... 


.Y~ 

1 Zp+2 . - . 4+2 

U ... 


{1 z, ... zl ] 


The matrices X and Y are of order p x Z and (s — p) x (Z 4- 1) respectively. Let 


\ 


M:= M{X,Y) 


Y 


X 


( 1 . 2 . 2 ) 


Y 


V Yj 

where X is repeated diagonally Z -t- 1 times and Y is repeated Z times so that M has sZ -t- p 
rows and Z(Z 4- 1) columns. With the above notations Ivanov and Sharma [19] showed that 
the set Z is (Z,p) distinguished iff rank M < Z (Z 4- 1). As a corollary of this result it 
follows that if either p>Zors — p>Z4-l, then Z is not an (Z, p)- distinguished set and 
ifp< s<l or p = s< I, then is an (Z, p)- distinguished set, which are Totik’s results 



[56] given earlier. Tofcik [56] does not say anything about points on \z\ = p. Ivanov and 
Sharma [19] considered the behaviour of Bi{z] f) when z ETp := {z\\z\ = p}. From (1.2.1) 
it follows that Bi{z\f) < when z € Fp. Let 7z(/) := H , that is the set of 

points on Fp for which the strict inequality Bi{z-,f) < p~^ holds. Then, 7f(/) •= Fp\ 7 ;(/) 
will denote the complement of 7i(/) on Fp. 

If fo{z) = (1 — zp~^)~^, then 7z(/o) = but it may happen that 7 f(/) is even dense in 
Fp for some /. In fact, as shown by Ivanov and Sharma [19] 7i(/) is always dense in Fp 
The structure of 7/(/) is related to the dependence of Bi{z; f) on z. To this effect Ivanov 
and Sharma [19] proved that any set of i + 1 points on Fp is an {I, p)- distinguished set. 

It is natural to ask if we can add another point zq from Fp to Z so that the augmented 
set, { 2 ^ 0 } U Z, still remains an {l,p)- set. Ivanov and Sharma [19] gave answer to this 
question only for Z = 1. In order to do so, set U(Z) and U*{Z) for a set Z of 1 + 1 distinct 
points on Fp as 

U{z) = {zo\zo G Fp\2' and Bi{zy, f) < p~\j = 0, 1, . . . , Z + 1, for some / G Ap}. 

U*{Z) = Tp\{U{Z) U Z}. Then we have for Z = 1, the result that if Zy = = 1,2 

and if 0:2 — = 0 ; is an algebraic number of degree > 2, then U{zi,Z 2 ) = <?!>. As a 

consequence of which we have for any two distinct points Z\,Z 2 G Fp, the set U*{zi,Z 2 ) is 
dense in Fp and, for each / G Ap, the set 7i(/) is dense in Fp. 

Ivanov and Sharma [19] also gave a sufficient condition for a finite set Z to be (Z,p) 
distinguished proving that for any finite Z = {zjY^^y on Fp, where Zy = a 

rational, there exists an f G Ap such that Z C 7i(/). 

The (Z, p) distinguished sets were further studied in [22]. 

What is so peculiar about the roots of unity ? This question has arisen in the minds of 
many. The first one to raise this question was Baishanski [2]. Later, Szabados and Varga 
[53] considered a triangular matrix Z whose row contains the entries with 

0 < \zk,n\ < P- Associated with the nth row of Z is the monic polynomial of degree n: 

n 

Wn{u) = Wn{u, Z) := fj(u - Zk.n), 

k=l 


n > 1. 



Let 


( 


Wnip,Z), if 1>1, 

Wn{p, Z) - p", if 1 = 1. 


'fnip, Z) := modulus of the first non-zero term of | 

Note that since Z) is monic, then 7„(p, Z) is well defined for all Z > 1 and 7n(p, 2’) > 0 
for all n > 1. However, if Wn{u, Z) = u" and if Z = 1, then all the terms of Wn{p, Z) — p" 
are zero, and 7n(p, Z) is defined to be zero in this case. Thus Szabados and Varga [53] 
made the assumption about the matrix Z that 

p = p(p, Z) := ^7y"(p, Z) > 1. 

Let Ln-i{z] Z] f) be the Lagrange interpolating polynomial to / of degree < n — 1 based 
on the nodes determined by the row of the infinite triangular matrix = 

1, . . . , n, n > 1. With the above definitions and assumptions they proved that for 
each complex number z with \z\ > there is an / in Ap for which the sequence 

{L„_i(i;2;/) - is unbounded, where Q„-i,/(z;/) is given by (1.1.1). In 

addition, there holds 

AiiR,p,Z)>MR,p,E), ^ R>p, (1.2.3) 

where 

Ai{R,p,Z) = sup]im{max|L„_i(z;2;/) - Q„_y(z; /)]}", R> p 
°° i2|=-R 

and E is the matrix Z with Zk,n = exp{2km/n){k = 1, 2, ... , n). Equality holds in (1.2.3) 
for all i? > p if for some positive integer Z the matrix Z satisfies 

\Zk,n - exp{2k'Kiln)\ <\lp^'^ (Zb = 1, . . . , n;n > 1). 


In [54] , they made the stronger hypothesis for Z that there exists a real number p with 
1 < P < P for which 


1 < \Zk,n\ < p < p (A = 1, . . . , n; n = 1, 2, . . .), 


and they wanted to determine the domain in the complex plane for which the sequence 
{Ln-i{z] Z] f) — Qn-i,iiz;f)} converges geometrically to zero for all / G Ap. The answer 
to this question led them to study the functions Gi{z, R) and Gi{z,p) where 


Gi{z,R) 


Gi{z,Z,R) 


lim max 1(1 — t *")(^ i) — 


<^n{z, Z) 
Unit-, Z) 



and 


Gi{z,p)=M Gt(z,R), 

p<R<p 

where w„(z, Z) = — 2A:,n)- They established that [54] for any complex number 2^1 

and any positive integer Z, there holds 


Gi{z,R)> 


maa;{|z|, 1} 


R> p 


and 

Gi{z,p) > sup hmlL„_i( 2 ;^;/) - Qn-uiz] > Gi{z,p). 


In the end Szabados and Varga raisd three open questions : 

1. lsGi{z,p) = Gi{z,p)? 

2. If yes, then @ := {z : Gi{z, p) = 1} divides the complex plane into sets where either 
one has geometric convergence to zero for all / in Ap or unboundedness of the sequence 
{Ln-i{z-, Z\ f) — Qn-i,i{z] /)} for some / € Ap. What does @ := {z : Gi(z, p) = 1} look like ? 


3. In general, one would not suspect that @ is a circle, even though this is the case 
for all examples treated in the literature. Can one construct cases (i.e. matrices Z) where 
@ is not a circle ? 


In [55] Totik gave affirmative answer to all the three questions by giving surprising 
results. 

Recently J.Szabados [52] proved a converse result of Theorem 1.1.1 showing that if 
f{z) is analytic in \z\ < 1 and continuos in \z\ < 1, and if {A„_i,/(z;/)}^j is uniformly 
bounded on every closed subset of \z\ < then f{z) is analytic in \z\ < p. 

The use of Saff and Varga result [42] is basic in the proof this result. Szabados asks 
whether a proof of the converse result can be given without using the sharpness result of 
Saff- Varga. This question was settled by Ivanov and Sharma [21]. They considered two 
entities - a null sequence {afc}^o or complex numbers and a function / defined on all 

the roots of unity, that is, on U = where Un = {ea:p(2A:7ri/n), A; = 0, 1, . . . , n - 1}. 


For any fixed integer Z > 1 define 


A„-u(.;WS“; -EE 

^=0 i==o 

If A{p) denotes the class of functions analytic in < p, then they proved that the sequence 
{An-i,/(2; {aA:}o°; /)}^i is uniformly boimded on compact subsets of \z\ < p^'^^ iff 

(a) the function g{z) := G A{p) and 

(b) there exists a function h{z) G such that 

{g^h){z) = f{z\ z^U. 

1.3 In 1982 T.J.Rivlin [39] extended the result of Walsh in another direction by 
considering least square apprroximation to functions by polynomials of degree n on the 
roots of unity. He considered q = mn + c, where m, c are positive integers, and determined 
the polynomial /) G n„_i which minimizes 

E|/(a,‘)-p(w‘)p, u,» = l ' (1.3.1) 

k=0 

over all polynomials p G n„_i. He proved [39] that if we set 

l-l n-l 

^k+qjZ'^, 

j=0 k=0 

then 

l^An-i,q,i{z;f) = 0, V |z| < 

Rivlin proved this for Z = 1, but the general case for Z > 1 follows easily. 

Following the lines of Totik [56], quantitative estimates have been found for An~i,q,i{z] f) 
also by Ivanov and Sharma [20]. If we set 

Bi,rr,{R] f) = Urn sup |A„_i,,j(z; 

|2|=H 

and 

Bi,m{z-, f) = Urn |An_i.,,/(z; /)|^/” 
then, Ivanov and Sharma [20] proved that 


Bi,m{R-, f) =Ki,m{R,p), 


P > 0, 


(1.3.2) 



where 


KiM,p) := I 


p 0 < \z\ < p 

|z|p“^-'”", p < |;z|. 


(1.3.3) 


From the definitions and (1.3.2) it is clear that ^ Kirr.{\zlp). In this case 

we say that a set 2' C C is {I, m, p) - distinguished if there exists a,n f G Ap such that 


f) < p) for every z G Z. 

J£ Z = {zjYj^i with \zj\ < p, j = 1, . . . ,p and \zj\ > p,y = p + 1, . . . , s, we set 

X — 0<j<lm—lt Y = (• 2 ^ 0<]<lrTf 

Let Ml = M{X,Y) denote a matrix analogous to (1.2.2), with X repeated lm + 1 times 
and Y repeated Im times. Then Ivanov and Sheirma [20] established that Z is (Z, m, p)- 
distinguished iff 

rank Mi < lm{lm+ 1), 

from which we immediatly derive that if either p > Im or s — p > Im + 1, then Z is not 
an {I, m, p)- distinguished set and if p < s < Zm or p = s < Zm, then Z is an (Z, m, p)- 
distinguished set. 

Next, considering the case when all points of Z lie on |z| = p, it is proved [20] that any 
Zm + 1 points on \z\ = p form a an {l,m,p)- distinguished set. 

1.4 In 1980 Cavaretta et al [12] extended Walsh’s result to Hermite interpolation as 
well. For any positive integer r, let hm-i{z;f) be the Hermite interpolant to f{z) on the 
zeros of (z" — l)’'.That is, 

where = 1, i/ = 0, 1, . . . , r — 1 and A: = 0, . . . , n — 1. Let 

/5i,r W = E t ” ') (^ - 1)‘. 3 e N- 

Set 

m— 1 

k=0 

n—l 

/) ™ ? J = 1, 2, , , . 



and 


i-i 


f) • — f) /)• 

i==o 

Then according to their direct theorem in the Hermite case [12], 


l^Am-i,i{z;f) = 0, V lz| < 


Giving a sharpness result for Hermite interpolation Saif and Varga [42] proved that the 
sequence Am-uiz; f) can be bounded in at most r + Z — 1 distinct points in \z\ > 
furthermore , given any r + Z - 1 distinct points in the annulus < |^:| < 

min{p'+^, , there exists a function f £ Ap such that f) “^0 as n — > 

oo (j‘ = 1, ...,r + Z- 1). 

Cavaretta et al [14] also considered mixed Hermite interpolation and least square approx- 
imation to extend Walsh’s result. 


For the quantitative estimates in case of Hermite interpolation , we set 

A.r(-R; /) = Urn sup \Arn-l,l{z] 

and 

As an analogue of Theorem 1 of Totik [56], Ivanov and Sharma [20] proved that 


where 


DiYR-,f)=KlYR.p), R>0, 






N<1 
1 < kl < p 
p < Y\- 


(1.4.1) 


From the definitions and (1.4.1) it is clear that DiYz\f) < KlYz,p). In this case 
we say that a set Z C C is (Z, r, p)- distinguished if there exists an f £ Ap such that 
Di,r{z;f) < KlYz^p) for every z £ Z. U Z = with \Zj\ < pj = l,...,p and 

kjl > P»i = P + 1, . . . , s, we set 


^ 0<j<r4-J-2) Y ('^)/i+l<i<», 0<j<r+-I— !• 



Let M2 = M{X, Y) denote a matrix analogous to (1.2.2), with X repeated r + Z — 1 times 
and Y repeated r + Z times. Then Ivanov and Sharma [20] established that Z is (Z, r, p)- 
distinguished iff rank Mi < (r + Z)(r + Z — 1), from which , we immediatly derive that if 
either /i>r + Z — lors — /f>r+Z, then Z is not an (Z, r, p)- distinguished set and if 
fi < s<r + l — 1 or fi = s<r + l — l, then Z is an (Z, r, p)- distinguished set, which 
includes Theorem 2 in Saff and Varga [42]. 

Next, considering the case when all points of Z lie on |z| = p, it is proved that [20] any 
Z + r points on \z\ = p form an (Z,r, p)- distinguished set. 

In 1985 follwing the same idea as in Lagrange interpolation, Cavaretta et ai [15] proved 
the converse result in case of Hermite interpolation. They showed that if / is analytic 
in \z\ < 1, be all continous on |^| = 1, and if {Am-i,j(.z; /)}^i is uniformly 

boimded on every closed subset of |z| < then / is analytic in |z| < p. 


1.5 The phenomenon of overconvergence in the result of Walsh was studied in a 
different manner by T.E.Price in 1985 who considered averages of interpolating poly- 
nomials. More specifically, let m and n be positive integers and let uj = e^. Set 
fg(z) = f(zu^), 5 = 0, 1 , . . . , m — 1, and define the averages 

-I m— 1 

Ai-l,m(-Z;/) = — Ln-lizUJ^"^; fg) 

^ 5=0 


and 


m— 1 


f) — fq) J — 0 , 1 , 2 ,..., 


m 


q=0 


where Pn-i^j(z] f) = It is eeisy to see that 




Pn-ij if j = P > 0, aninteger 
0 otherwise 


Also for 0 < g < m - 1, fq)\z=uji^-Ki = j = 0, 1 , . . . , n - 1, 

so that /,) may be considered as the Lagrange interpolant of / in the nodes 

With these notations Price [33] showed that if fS be the least positive integer 
such that 13m >1 — 1, Then 

/ i-i 

/) - /) 

V 1=0 


= 0 V |.2| < Po = 



The convergence is uniform in each disc l^:] < Z < po- Further the radius po is the largest 
for which such a result holds. Note that the Walsh’s theorem cited earlier is the case when 
m = l = 1. The proof of the theorem was obtained by the use of integral formulas for the 
various quantities involved. 


In next theorem Price [33] stated that if / is also continous on the closed disc \z\ < p, 
then the term in paranthesis in above result goes to zero for all z with \z\ < po- He also 
extend his first result to the case of Hermite interpolation of order r (interpolation to f 
and its first r — 1 derivatives at the roots of unity). 


1.6 Another variation of the condition (1.3.1) was considered in [10] when it was 
replaced by 

gg|/M(a,‘)-QW(a,‘)|= (1.6,1) 

1/—0 k=Q 

where q = mn + c, = 1 and r is a fixed integer. The unique polynomial P„,r(.z; /) which 
minimizes (1.6.1) over ail polynomials Qn € H^-i is given by 

PnA^lf) 

;,=0 


where 


and 


Set 


1 °° 

('1 ~ ~ ^ r ^ (^)®7+A5) 3 0, 1, . . . , Tl 1 


^0.;(^) t'o' 

(i)» = jU - 1), . . - , (i - i + 1). 

1=0 

= A = 0,1 


Then Cavaretta, Dikshit £ind Sharma [10] established that 


Im I P„,r(-z; f)-J2 ‘^n.A,r(^; /) | = 0 V 

I A=0 J 


FI < P 


14-^m 


Similar result is obtained for Hermite interpolation on replacing (1.6.1) by 


( 1 . 6 . 2 ) 


*=0 i'=r 


Cavaretta, Dixit and Sharma studied a variation in Hermite and I 2 - approximation to 


determine Prq+n{z\ f) of the form 


Pr,+n{z-, f) = hrq-l{z-, f) - {z<> - l)^Q„(;z), Qn{z) G n„_i, 



where hrq-i{z\ /) denotes the Hermite interpolant to / and its first r — 1 derivatives at the 
roots of unity, by requiring that (1.6.2) is minimized. Following Saff and Varga [42] and 
Hermann [17] in the same paper Cavaretta, Dixit and Sheirma have asked for the existence 
of function f G Ap for which the difference /) — *Sn,A,r(^; /)| tends to zero as 

n — > oo in at least I points lying outside the circle \z\ < For r = 1 they had given 

answer to this question in the ciffirmative but no comment is made for r > 1. 


Recently, Juneja and Dua [24] obtained an exact form of Cavaretta, Dixit and Sharma’s 
[10] resiilt stated above for the Lagrange interpolation. They established that [24] 

TS^max|P„,,(.2;/) - ‘'Z = Kl,m{R.p), P > 0 

1^1=^ t^o 

where Ki^rn{\z\,p) is given by (1.3.3) . 


1-7 In 1986 Lou Yuanren [25] gave a new direction in extensions of Walsh’s theorem by 
considering interpolation in the roots of a”, |q:| < p. Let G Dp where Dp := {z\\z\ < p}. 
and for any two positive integers m and n{m > n), let Ln-i{z, ct, f) and Lm.-i{z-, /3, /) denote 
the Lagrange interpolating polynomial to / on the zeros of z"’ — o:" and z'" — 0"^ respectively 
. Let m = Trin = rn + q, s < q/n < 1 and qjn = s + 0(~) and set 

■= {Ln-i(-^,a,/) - L^-i(z,a,L^.,(z,0,f)}. 


Then Lou Yuanren [25] proved that for a ^ 0 


limAZS,(z;f)=0, 


where 


cr := p/max 



V |z| < cr 



When a = 1, = 0, and m = rn, r = I, the above result yeilds Theorem 1.1.1. Akhlagi. 

Jakimovski and Sharma [1] gave analogues of above result to mixed Lagrange interpolation 
and I 2 - approximation. They also established more precise result for the differences A“’^ 
by showing that if jck/pj’' i=- \0/p\'"^’ and for s ^ 0 if ^ \0 / then 

. Tim{max|ASJ,(jr;/)|‘/”} = K',.W. -R > 0, (1.7.1) 

n-^oo \z\^R 


where 


KM) = I 


{\z\/p)max{\a/pY, II^/pY"^"} 
max{|a/prMa/pr(|zi/p)M/3/pr*}. 


for jzj > p 
for 0 < |z| < p 



In the special case a = l,/3 = 0 and m = rn,r = I, this reduces to Totik’s theorem 
[56]. This result was further analysed by M.P.Stojanova [51]. 

Prom (1.7.1) we have the inequality 

If there is some function f G Ap such that 

< KM) 

is true for each z G sheiU say that Z is ({A“’^},p) - distinguished set. 

It is clear that the nmnber of points in some ({ p) - distinguished set depends on 
the behaviour of the sequence Let us denote 


where is the non-decreasing rearrangment of 

Then M.P.Stojanova [50] proved 


Theorem 1.7.1 [50] Let m = m„ = rn-|-q, g = = sn-|- 0(1), 0 < s < 1, g„ > 0 and 

a,/3G Dp, and let pi = |/3 ||^/q:|’'/®,P 2 = p|a:/p|^/®. Then the set Z C O. is an ({A"’^},p) - 
distinguished iff 


(a) 


l^i< 


5({m„}) for Q, = Dp 
^({"in + ’T'}) for Q, = C\Dp 


in the case 

\ p\ I p I 


ib) 


\Z\<{ 


6{{Tnn}) for Q = i 

; DATp, 

r + 1 for fi = C\S; 


D„ 


for g„ = 0 
otherwise 


in the cases < I^T, s and |^|’‘ < s = 0. 


(c) 


\z\<{ 


r -t- 1 


for Q = Dp\Dpj 
for Q = Dp,U{C\D;} 


in the case s ^0 . 



Since 5({rn}) = r for r > 0, Theorem 1.7.1 gives corresponding resnlt of [19]. 

Lou Yuanren [29] gave convergence results in this direction by considering Hermite inter- 
polation. 


1.8 In 1980 Cavaretta et al [12] gave some results for interpolation by considering 
polynomials in z and z~^ as well. For each ordered pair (rrii, n,) of non-negative integers, 
and for any f{z) = Y,h=o -^pi /) be the Lagrange interpolant of z^f{z) 

in at the (m,-l-ni-l-l)*^ roots of unity, then f) can be uniquely expressed 

as the siun of a polynomial in 11^, in the variable 2 and a polynomial in n,i, in the variable 
z~^, that is if f) = then 


f) = f) + 

where /) = and /) = Now define 

m, 

and 


/t=0 


n,-l 




Jk=0 


With the above notations generalizing a result of Walsh [58,p.l53], Cavaretta et al [12] 
established that for the sequence {(mj, n,)}“j for which there exists an a with 0 < a < co 
such that 


lim TUt = 00 and lim — = a, 

1—^00 1— »oo TTl^ 


( 1 . 8 . 1 ) 


Z-1 


one has 

li,a Lk,».)(^;/) _ } = 0, V|z| < 

[ J=0 

and, if a > 0, then 


i-i 


j=i 


T.E. Price [34] obtained an extension of this result by considering average of the poly- 
nomials . 

Define the averages 


/ 


-I m— 1 
f\ - , 







-I m— 1 


m 


«=0 


1 

U^.n.A^-J)=-'£Pr^^A^-,f) 


m 


q=0 


and 


*1 m— 1 

/) = — S Qn.,7r^.J■(2■^; /) 
^ q=Q 


and if /3 is the least positive integer such that /3m > I then with these notations and the 
sequence {(mi,ni)} satifying (1.8.1), Price [34] proved that 

i-i 


= 0 , V izi< 

j=Q 


and for a: > 0, 


z-i 


Um { f)-Y: /) ^ = 0, Vj^l > 

J=0 


1.9 Saff and Sharma [40] gave analogous extensions for overconvergence by consider- 
ing rational interpolants to functions in Ap. They considered rational interpolants which 
have poles equally spaced on the circle |z| = cr, cr > 1. To obtain precise regions of equicon- 
vergence for the aforesaid rational functions, they considered two schemes for extending 
the corresponding result of J.L. Walsh. The first scheme interpolates f{z) in the roots of 
unity, while the second consists of best I2 approximants to f{z) on the unit circle. 


In place of the Lagrange polynomial Ln-i{z\f) they had taken the unique function 
f) of the form 

z — Cf 

which interpolates / in the (n -1- m -t- 1)*^ roots of unity. Since the (n — l)th partial sum 
of /, Pn-i{z]f) is also the least squares approximation to / from Iln-i on the unit circle, 
Sjiff and Sharma [40] replaced this polynomial by the unique rational function 


which minimizes the integral 


/, \fiz)-riz)\^\dz\ 
J\z\=l 



over all rational functions of the fornip(z)/( 2 "— cr"),p € n„+^. For fixed m > — 1 they have- 
shown that the sequences f)}Z.i and /)}^i converge to /(^r), V \z\ < 

min{a,p). Furthermore, if p > cr, then for all \z\ > p the two sequences converge to zero 
for m = — 1 and to for m, > 0 , but the difference of two sequences converges to 

zero, Vl^l < p^ a <T > p^ and V|-z| ^ cr ii p^ > cr. Moreover the result is sharp. 


Saff and Shaxma [40] also extended this result in the spirit of Theorem 1.1.1. They 
have shown that f G Ap can be written as 


/(^) = 2^ i - — rr f /, J'), 

j /=0 I J 


where a„,„( 2 ) = 1 - /3,.„W = “ <=■'”). 


Set 

i-i 

/) ~ /) ^n+m,n('2^i /i ^)- 

j /=0 

Using above notations Saff and Sharma [40] proved that for m > — 1, the sequence 

f)}^=i converges to zero for \z\ < if cr > p^'^^ and for l^j < cr and \z\ > (t if 
a < p^'^K Moreover the result is sharp. 


Motivated by the results of Totik [56], in 1988 M.A.Bokhari [5] gave some quantitative 
estimates for the sequence For more detailed results see [3], [4], [6], [7], 

[8], [9], [40], [41], [48] and [49]. 

1.10 For extensions of Walsh’s theorem on overconvergence, authors have mostly 
considered functions analytic inside a circle. Rivlin [39] was the first to consider functions 
analytic inside an ellipse in this context. Suppose 1 < p < oo. Let Cp be the ellipse, in 
z-plane, with foci at —1 and +1 obtained by the map z = {w + w~^)/2 fi'om |tt;| = p. This 
mapping maps the exterior as well as the interior of |tt;| = 1 in a 1-1 conformal fashion on 
the (extended) z-plane with the interval [—1, 1] deleted. Each pair of circles Iwl = p, 1/p 
is mapped onto the same ellipse in the z-plane, Cp, with foci at (±1, 0) and the siun of 
major and minor axis equal to 2p. 

Chebyshev polynomials form an orthonormal set in an ellipse. Chebyshev polynomial 
of degree k is given by Tk(z) = (ly*’ -f w~^)/2. 



The mapping z = (w +w~^)/2 maps [toj = 1 on the interA/al [—1, 1]. Thus for w = e*^; 0 < 
9 < 27r, z — X = = cos9. Hence for the interval [—1, 1], Chebyshev polynomial of 

degree k reduces to 


Th{x) 


+ e 




= cos{k9), cos9 = X, — 1 < ac < 1. 


From the trigometric identities 


cos(n + 1)9 + cos{n — 1)0 = 2cos9cosn9 


and 


2cosm9cosn9 = cos{n + m)9 + cos[n — m)9 


we find the relations 

Tn+l{x) = 2xTn{x) - Tn-l{x) 

and 

Explicit expressions for the first few Chebyshev polynomials are 

Tq{x) = l,Ti(a;) = a;,r 2 (a;) = 2a;^ — 1, 
r3(a;) = Ax^ - 3®, r4(®) = 8x^ - 8x^ + 1. 


Also 

J^^(l - x^)-^Tr(x)T,(x)dx 


TT r = s = 0 

- r = s^0 
0 r ^ s. 


For the detailed study of Chebyshev polynomials see [31,38]. Let A{Cp) denote the class 
of functions, /, analytic inside Cp and having a singularity on Cp. Every function in A{Cp) 
has Fourier-Chebyshev series expansion as 

/w = 



where Tk{z) = (tt;* + tt; *)/2 is the Chebyshev polynomial of degree k and the stroke on 
the summation sign means that the first term of the sum is to be halved and 


—If 


(w* + w~n — . 
2 / w 


where F is |tt;| = R < p. 


Let q = q{m, n) = mn + c where m is an integer , m > 1 and c is integer satisfying 
0 < c < m and 0 < n. Let 5„(z; /) denote the partial sum of this expansion of / in 
Fourier-Chebyshev series . Let Un,q{z\ f) denote the best I 2 - approximation of degree n to 
f{z) on , the q zeros of Tq{z). Then, Rivlin [39] proved that for m > 1 

iiJS, {^nq{z; f) - Sn{z; /)} = 0, z e C^m-i 

where C^-i is the interior of the ellipse Cptm-i . 

In [16] an extension of this result is derived by a different method for mixed Hermite 
and I 2 - approximation. As a special case it is shown that for and Im > 1 

to I U . ,(/; f) - S,(z; (Zi /) | = 0, z € C>.-. , 

where 


^njiz'-, f) — y^(A.2,q+fc + A2jq-k)Tk{z),j — 1, 2, 


Walsh’s theorem was extended in the direction of optimal recovery [11,32], equisumma- 
bility [23] and Hermie Birkhoff interpolation [13,43] as well. In fact, there are a number of 
papers in the direction of Walsh equiconvergence theory, and it is difficult to cite the con- 
tributions of all ; however, we may mention a few names of mathematicians, for instance 
Mu Le Hua [18], Bruck Rainer [35,36,37], M. Simkani [46], Z. Ziegler [45] etc. For further 
detailed survey see [30,44,57]. 


Motivated by the work of V.Totik [56], K.G. Ivanov and A.Sharma [19,20], M.P.Stojanova 
[50] and Lou Yuanren [28] in this dissertation we have tried to give some more extensions 
of Walsh overconvergence theorem. We now give chapter wise summary of the thesis. 


In Chapter two an attempt is made to see how far results are valid for the average 
of interpolating polynomials. Here we study the pointwise behaviour of the sequence of 
differences of two polynomials associated with a function in Ap. For a special case, results 



for the derivatives reproduce and generalise the few earlier results of the same chapter. 
Results of this chapter extend the results of T.E.Price [33], V.Totik [56], Ivanov & Sharma 
[19] and Lou Yuanren [26]. 

In Chapter three some exact results are given by considering least squeire approximating 
polynomials to generalise the Walsh’s result. The behaviour of the sequence is also studied 
outside its region of convergence. We have succeeded in obtaining the results by considering 

roots of a"', |q:| < p, which generalise the results for roots of unity given in the same 
chapter. Results of this chapter extend a result of A.S.Cavaretta, H.P.Dixit and A.Sharma 
[10] and generalise a result of M.P.Stojanova [50] and as a particular case they give results 
of Totik [56] and Ivanov & Sharma [20]. 

In Chapter four we are able to extend a few results of Chapter two by considering the 
averarage of the least square approximating polynomials. The results of this chapter for 

roots of unity are generalised for roots of |q:| < p. In a special case the last 
result gives a result of M.P.Stojanova [50]. 

Chapter five incorporates the results for Hermite interpolating polynomials. Here quan- 
titative estimates are obtained for the growth of the derivatives of the sequence of differ- 
ences of two polynomials. Results obtained here extend the results of Lou Yuanren [26] to 
Hermite interpolation and, in a particular case, they generalise the results of Ivanov and 
Sharma [20] given for Hermite interpolation. 

Chapter six is devoted to the study of polynomial interpolants in 2 :, z~^. We obtain two 
sequences of differences of polynomials, one in z and the other in z~K Exact results for both 
sequences are obtained seperatly. Their behaviour outside the their region of convergence 
are also studied. These results extend a result of Cavaretta et al [12] for polynomials in 
z,z~^. Further, as a special case, the results for polynomials in z give results of V.Totik 
[56] and K.G.Ivanov & A.Sharma [19]. 

Finally, in Chapter seven, we consider functions analytic in an ellipse and hence rep- 
resented the by Chebyshev sereis. We obtain quantitative estimates for the sequence of 
differences of two polynomials which are averages of polynomials associated with inter- 
polating polynomials to a function at the zeros and extremas of Chebyshev polynomials. 





particiilax cases of these results give seperate results for the polynomials associated ze- 
ros and extremas of Chebyshev polynomials. Results of this chapter extend a result of 
T.J.Rivlin [39], 



Chapter 2 


WALSH OVERCONVERGENCE USING 
AVERAGES OF INTERPOLATING 
POLYNOMIALS AND THEIR DERIVATIVES 


2.1 Let p > 1 and denote by Ap and Rp the set of all functions 

OO 

fc =0 

with the coefficients satisfying 


lim|a„p/'‘ = p ^ and lim|a„p/" < p ^ 

n--+oo n— *00 


respectively. Put 


n— 1 

f) — (^k+nj^ 


k—0 


(2.1.1) 


and denote by Ln-i{z\ f) the Lagrange interpolating polynomial of degree at most n — 1 
which interpolates to / at the roots of unity. 


T.E. Price [33] extended Walsh’s theorem by replacing the Lagrange interpolant on 
roots of unity by the average of Lagrange interpolating polynomial. More specifically, for 
positive integers m and n let w = e™. Set fs{z) = f{zuj^) for s = 0, . . . , m - 1 , and define 
the averages 

m— 1 

An-l,m{z\ /) = — Ln-l{ziL>~"; /,) ( 2 . 1 . 2 ) 

s=0 

and for each j >0 

1 

/) = — ^ Pn-^l^j{zUJ ; fg). 


( 2 . 1 . 3 ) 



Using above notations Price [33] proved 


Theorem 2.1.1 [33] Let f G Ap and I be a positive integer. Let /3 be the least 
positive integer such that /3m >1 — 1. Then 


i-i 


I f) - /) ) = 0 V |z| < 

7=0 


(2.1.4) 


the convergence being uniform and geometric in < T < Moreover, the 

result is best possible, in the sense that (2.1.4) fails for every z satisfying \z\ = 
for an f G Ap. 

Now let for I > 1 

i-i 

f) — Ln-l{z', f) — Pn-l,T(z', f) 

7=0 

and 

K'<(W.P) = |f' 

[ 7 if 0 < |2| < p. 

Totik [56] generalised and made exact Theorem 1.1.1, an extension of Walsh’s theorem, in 
the following sense. 

Theorem 2.1.2 [56] If f G Ap then for any positive integer I and R > 0 

J.mm^|A„_i,;(z; = Ki{R,p). 


Next considering the pointwise behaviour of An-i,i{z; f) Totik [56] proved 
Theorem 2.1.3 [56] Let f G Ap,p > 1 and l> 1. Then 

(i) Im I /)!'/"= ^ 

for all but at most I distinct points in \ z \> p and 

(ii) Im I A„_i,j( 2 ;/) 1^/’^= ^ 
for all but at most Z — 1 distinct points in 0 <| z |< p . 

Totik [56] also proved that the above result is best possible in the sense of 
Theorem 2.1.4 [56] Let p > 1 and 1>1. 

(i) If zi,...,zi are arbitrary I points with modulus greater than p then there is a 



rational function f £ Ap with 


I /) I ^ , j — 

(ii) If Zi, zi-i are arbitrary Z — 1 points in the ring Q < \z\ < p then there is a 
rational function f G Ap with 

inSi I I ^ ~ j = i,...,i — i. 


If we set 


■Bite/) = 


( 2 . 1 . 6 ) 


then from the definition of Ki{\z\,p) it follows that Bi{z\f) < Ki{\z\,p). Define a set Z 
of points to be (Z,p) distinguished if there is an / G such that Bi^rn{zj\ f) < Ki{\zj\,p), 
for each Zj G Z. Suppose Z = is given in which \zj\ < p (j = and 

\^j\ ^ P (j = +■ I 5 • • • ) ?)• Ivanov and Sharma [19] find a criterion to determine whether 

Z is (Z, p) distinguished or not. Set the matrix X and Y as 

-Y ('^ 7 ) 0<i<Z — 15 Y i.^j) 

The matrices X and Y are of order p x Z and (/ - p) x (Z + 1 ) respectively. Further 
M — M{X, Y) is same as in 1 . 2 . 2 , where X is repeated Z + 1 times and Y repeated Z times 
and Y’s begin below the last row of last X. The matrix M is of order {ql + p) x Z(Z + 1 ). 
Using these notations K.G.Ivanov and A. Sharma [19] proved 

Theorem 2.1.5 [19] Suppose Z = {zjYj=\ ^ ® set of points in C such that 

\zj\ < p(j = 1 , . . . , /x) and \zj\ > p{j — /x+l, . . . , g). Then the set Z is (Z, p) distinguished 

iff 

rankM < Z(Z + 1 ). 

Lou [28] gave some quantitative estimates for 

lim„_oo naaxj 2 |=;i where A^li i{z]f) is the derivative of A„_i_;(z;/). 

Theorem 2.1.6 [28] For each f G Rp{p > 1), any integers Z > 1 and r > 0, and 
any R> 0, there holds 




( 2 . 1 . 6 ) 



Equality holds in (2.1.6) iff f G Ap. 

Next by introducing the concept of distinguished point of degree r , Lou [28] investigated 
some relations between the order of pointwise convergence (or divergence) of /) 

and the properties of f{z). 

For any integer r > 0, set 

We say that rj is an {I, p) -distinguished point of / G of degree r if 

<Ki{\r]\,p), V = 
and consider it as r points coincided at rj. 

Hereafter let be a set of s points in C and denote the number of appearence 

of T}^ in Then 

Theorem 2.1.7 [28] If f ^ Rp{p > 1), I is any positive integer, and there are Z -I- 1 

points {guYi^i > P ( ^ points {T]t,}i=i P) which 

< Ki{\r],,\,p), p = l,...,l + l{or 1), 

then f £ Rp\Ap. 

Theorem 2.1.8 [28] Let f G Ap(p > l),l be any positive integer and be- 

any s points in \z\ > p, s < I, (or in \z\ < p,s < I — 1), with the numbers p„ of the 
appearence of in Then the neccessary and sufficient condition for 

f) < Kidriul, p), y = 1, . . . , s 

is 

f{z) = Ws{z)Gs{z) + Go{z) 

where Ws{z) := n*=i('2^ - ^7;), Gq{z) G RpjAp and Gs{z) = ^ 

t*!(/+l)n— t/ ~ 0 (or OCin—i, = 0), = 1, 2, . . . , S. 

Generalising a Theorem of Ivanov and Sharma [19] for the case that the points of 
can be coincided with each other, let Z = { 77 ,}*=! with |77;| < p,y = l,...,p and 



I 


Vlj\ > Pij = /i + 1, . . . , s, and pt, denote the number of appearence of in = 

1, Calling a set Z an (Z, p)-distinguished set if there exists an f £ Ap such that 
/) < Ki{\r}u\,p), p' = 1, . , . , s, define matrices X and Y as follows 


where the elements are given by 

Sx-p.,], 




if i = 1, . . . , p; jf = 0, 1, . - . , Z; 
if i = p + 1, . - . , s; j = 0, 1, . . . , Z + 1, 


and define M = M{X, Y) same as in 1.2.2. Then 


Theorem 2.1.9 [28] Suppose Z = is a set of points in C with the repeated 

number pj ofrjj in {j7,/}^=i such that \t)j\ < p{j = 1, . . . , p) and It^^] > p{j = p+1, . . . , s). 
Then the set Z is {I, p)- distinguished iff 

rank M < l{l + 1). 


Motivated by the above results of Totik [56], Ivanov & Sharma [19] and Lou Yuanren 
[28], in this chapter we give some exact results and quantitative estimates for 
lim„_ooniax| 2 |=fl - EJ=o Ai-i,m,;(2; for points in |z| < p and points in 

\z\ > p seperatly. Further, distinguished set is considerd containing the points in kl<p 
and 1^1 > p simulatneosly. We also consider the pointwise behaviour of the sequence 
— E;=o /)} from which we axe able to state a result for its be- 

haviour outside its region of convergence. We further generafise these results by consider- 
ing derivative of the above sequence. The results of this chapter, as a particular case give 
all the above stated theorems. 


2.2 Let for Z > 1 

i-\ 

/) ~ An-\^rn,{^^\ f) ^ I ■''In— /) 

J=0 

where f) and An-i,m, 3 {^T f) are given by (2.1.2) and (2.1.3) respectively. Fur- 

ther, let 


1 

■" p/3m 


( 2 . 2 . 1 ) 


if 0 < iZ < p. 


thea Theorem 2.1.1 give for i2 > p 

Tim max /)|^/" < p). 

n-^QO |2:|=2i 

In the present section we show that for i2 > p equahty always hold. We extend this result 
to the case R < p also. It is easy to see that (see e.g. [33]) 




Pn-ij if j = pTn, p > 0, an integer 
0 otherwise 

where P„_ij( 2 ;/) is given by (2.1.1). Hence, if P is the least positive integer such that 
Pm >1 — 1, then 

/-I 

— -^n— l,m('2'5 ./^) ^ ^ (•^i f') 

3=0 

/J-1 

-^n— l,m('^) y) ^ l.m,7m('^) f') 

J=0 

P-1 

~ -'^n— l,m (-^i 'y ] -fn— l,mjm('^> f^- 

3=0 

Also from [33] 

oo n— 1 

-^n-l,m(^5 f) ~ ^ V (^k+jmn^ • 

j=0 A;=0 

Hence by (2.2.2) and the definition of Pn-\,j{z\f) and P we have 

OO n-1 1 n— 1 

j=0 A:=0 7=0 A;=0 

oo n-l 

“ ^ ^k+3mnZ - 

;=/3 *=0 


(2.2.2) 


(2.2.3) 


If we set 


then we have 


5/3,m(it:) = ]mm^|A„_i,/,,„(2;/)|^/", 


Theorem 2.2.1 If f £ Ap, I is a positive integer and P is the least positive integer 
such that Pm > Z — 1 and i? > 0 then 


9P,m{R) — Kp.miRt P) 


Proof : 


Since f £ Ap, we have 



zy 


for every e satisfying 0 < e < p - 1 and k > koie). Let R be fixed, \ z \= R and if i? < p 
then we assume e > 0 so small that R < p — e be satisfied as well. Then by (2.2.3) we 
obtain 

oo n-1 

A„^un.(^; /) = EE 

;=;0 A:=0 

/ oo n— 1 

= o EE 


= ° — 

I 

Thus on taJdng roots we have 


if R^ P 

if 0<R<p 


(p_£)(l+/3i7i)n 1 
1 


max|A„_i,j,„^(z;/)p/" < Kp,m{R,p-e), 

n— +00 h: 


e being arbitraily small we have 


]immax|A„_i,,,„,(2;/)p/" < K0^m{R,p)- 

To prove the opposite inequality let first R> p, then 

OO n— 1 

An-u^(.;/) = EE 

;=/? A:=0 

n~l3m—2 n— 1 

= E ^k+0mnZ^ + E ^k-\-^mn^ 

k=Q k=n—0m~l 

oo n— 1 

;=/3+l *=0 

Thus, 

n— 1 n—0m—2 

^ ] ^k-\-0mn^ “ /) ^ ^ ^ki-pmn^ 

^=n-/?m— 1 /:=0 

00 n— 1 

~ ®fc+jmn'2 

;=P+1 *=0 

gives, by Cauchy integral formula, for n — /3m — l<A:<n. — 1, 

1 /• , I n-Prn-2 


27ri ./|z|=fl 27ri ^ 7171=^ 

27ri j|z|=fl 


E oo v-^n — 1 _ 


^k-\-0mn 



s* 

j^dz is non zero only for Jc = k' f-h ji 

above equation is zero. Then by the d H J ^ “ 

- a constant M, „hich nee.lt Ir ^ ^ 

aame at each occurrence to have 

I (^k+0ran | < + g)” , „ 




\R^(^p ^y^'^{P+l)mn 

^k +0' 


Let e>0 be so small that 


(p - e)n(l+(j3+l)m) 


Thus, 


hence. 






pn(l+l3m) 


Now 




Since n — ,5m — 1 < ^ < 


fjik)K 

[Mf 

n 1 we have, Iim„^^ * ^ ^ 


and so 


Since e is arbitraiy, this yeilds 


9l3,m{R) + 6 !> — ^ 

pli-^rn ' 


d^AR) > 

For tli6 case f) ^ ^ 

^cise U < 

= f gns,„„s‘ 

J=/? ifc=0 
/3m- 1 

.Jr ^^+yi?7Tli 
A:=0 


i? 


pl+/?77 


for i2> 


P- 


n-1 


j , oo n-1 

~i- y~^ 


whence. 


/3m- 1 

E 


5 = A,-ij,„(z;/)^ £ 


J=/S+l k=0 


oo n^l 


^k-hjmji'^ 


^ E^k+jmn^*. 
]==^+\ jt=0 


By Cauchy integral formula we have, for 0 < It < 

= ~f j , , V 

2>rtiM s‘« E aves™,/ 

- f ^ mP-fi Tfe/'o ak'+,„ „z'^ 

'I J\z\=R Tit+i ~ d^r. 


J_ 

27ri 


^k+^rnn 



31 


Using the same arguments as earlier, we then have, 

I I / ^A9p,m{R) + ■' 

I 0.k+Pmn I S M h O 

< M{g^^^{R)+er + o[ 

Let e > 0 be so small that 


- e)(^+iW 

' ^ i 

(p — e)(^+iW j 
(p — < p~^ 


then, 

(9p,m 

,(i2) +6) ~ ^|<^^+/?mn| 

or. 



90, m{^) ^ — 

lim - 

n-^oo 

k+0m.n -1 

(la*+Pmn| (^)" 


1 



1 





Since e is arbitrary 


^ for 0 < i? < p 


which completes the proof. 

Note that for i? = 0 that is .2 = 0 

oo n— 1 

^n— l,J,m (■^) f') ^ ^ ^k+jmn^ 

3=/3 k=0 
00 

^ ^ ^jmn • 

;=/3 


For 


ttpmn = 0, Vn. Hence 


F{z) = 


1 — (z/p)(^+i)" 


^n— l,J,m(0) -F) ^ ^ ^jmn 

J=0+1 


whence 


= C> , 


iHS, I An_i,i.„.(z; F)p/" < p-(9+i)mn < ^ 


-> 


n— oo b|=fl=0 


mti 


Thus, 



Remark 2.2.1 


For R = 0 Theorem 2.2.1 does not hold. 


Remark 2.2.2 For m = 1 Theorem 2.2.1 reduces to Theorem 2.1.2. 

Corollary 2.2.1 If I > 1, f is analytic in an open domain containing lz\ < 1 and 
= K0,m(R,p) for some R > 0, p > 1 then f € Ap. 

Proof Given that / is analytic in an open domain containing \z\ < 1. Hence f E Apt 
for some p' > 1. Thus by Theorem 2.2.1 gp^rn{R) = Kp,m{R^ P'); and from the hypothesis 
g^,m{R) = K0^rn{R,p)- That is K^^rn{R,p') = Kp^rn{R-,p) a^d hence p' = p which gives 
f^Ap. 

2.3 In this section by defining the concept of a distinguished set we study the prop- 
erties of a set cointaining the points in \z\ > p and \z\ < p simultaneously, regarding the 
number of points in both the regions. 

If we set 

^ (2.3.1) 

then from the definition of K0^rn,{\A^P) and Theorem 2.2.1 it follows that Bi^rn.{z\f) < 
K0,m{\Ai P)- Define a set Z of points to be (/3, m, p) distinguished if there iS an / G Ap such 
that Bi^ra{zj\f) < Kp^rn{\Z}\-,p)i for each Zj G Z. Suppose Z = is given in which 

kji < P (i = ) p) and \Z]\ > p (y = p -t- 1, . . . , g). We want to find a criterion to 

determine whether Z is (/?, m,p) distinguished or not. Set the matrix X and Y as 



/I 

^1 

... 


/I 

2/i+i 

■ • - 

x = 

1 


Pm-l 
... Z2 

, Y = 

1 

^/i+2 

J3rn 

■ ■ - 


VI 

Zp 

... Z^ j 




... 



/i) X (/3m + 1) respectively. Define 

\ 

0 

X 

0 

y) 

where X is repeated /3m + 1 times and Y repeated /3m times and Y’s begin below the last 
row of the last X. The matrix M is of order {q/Sm + /x) x /3m(/?m + 1). We now formulate 

Theorem 2.3.1 Suppose Z = {ZjYj=\ ® of points in C such that \zj\ < 

p{j = 1, . . . , /i) and \zj\ > p{j = /i + 1, . . . , g). Then the set Z is {/3, m, p) distinguished 

iff 

rankM < /3m{0m + 1). 


The matrices X and Y are of order p x and (s 

X 


M{X,Y) = 


Y 


\ 0 


Proof : First suppose rankM < j3m{l3m + 1). Then there exists a non-zero vector 

b = b\f • . . , &/ 3 m(y 3 m+i)— i) such that 

M.b^ = 0. (2.3.2) 


Set 

OO 

/(^) = Z) 

N=0 

, f / _\ /3m(/3m+l) 

= |6o + biZ -f . . . -h | ~ I P i 

Clearly f & Ap and that 

aN = (2.3.3) 

where N = /3m{/3m + l)y + A:, A: = 0, 1, . . . , Pm{j3m -H 1) - 1 and i/ > 0. Prom (2.3.2) and 
(2.3.3), we have 

pm—1 

V a^mn+k^j =0 for each n > 0 aad j = 1, 2, . . . , /i 



(2.3.4) 



and 




«(^m+i)n+jfc-^j = 0 for each n > 0 and j = fj, + l,...,q. 

ifc=0 

For any integer n > 0 let to and t be determined by 

0mn + t = {/3m + l)to, 0 <t < /Sm + 1 
then for j > /t + 1 from (2.3.5) we have 

n— 1 t-1 n— 1 

XI 0,k^^mnZj = X “A:+/3mn2j + X ^k+l3mn^j 


(2.3.5) 


k=0 

t-i 




A:=0 


I , / n— 1— /3m , n— 1— /3m-{-l 

I • • • I l—/3m+H-/3mn'^^ 


t-l 




) 




(pm-\-l)w—pmn 


+ 


k^O 

(/3m-f l)t£;— ^mn+1 , , (/3m-}-l)ti;— /3mn+/3m'\ 

^{Pm+l)w-hl^j ~r - . . iCL(prn+l)w+pm^j j 

I I f (n— l)(/3m+l)-/3mn , 

+ . . . + i^a^n-l)(Pm+l)^j AH J 

(n—\)(Bm+l)-pmn+l . 

a^n-l)(0m+l)+lZ) ^ + • • • 

, {n—l){pm+l)-pmn-\-Pm\ 

t-l pm n-l 

rpjn+l)p+k-mln 

^k-l-Pmu^j ~t~ ^{Pm-rl)p-rk^ J 

k-0 A:=0P=w 

t-l 

X ®fc+/ 3 mn 2 j + 0 (from (2.3.5)) 


fc =0 

= o 




(p- e)/3™ny ■ 
Thus for p < i < / we obtain 

oo n— 1 

= EE ^k-himn^j 


( 2 . 3 . 6 ) 


i=/3 A:=0 
n— 1 


oo n— 1 


= o 


^ > ^ki-Pmn^j “t~ X X ^k-i-imnZj 

k=0 i=/J+l ik=0 

1 


Xp-ey” 


+ 0 


{p — gJn(m(P+l)+l) 


(2.3.7) 


Now we claim that for [z] > p, by choosing e sufficiently small, we can find r}, a positive 
number, such that 


< 


(. 


(p - e)"^”* - \ p^-Ti+i 




(2.3.8) 



(2.3.9) 


(p _ g)(l+(^+l)m)n - \^p;3m+l ^ 

To see this let ei > 0 be so small that 


pPm 

< k{p — where A: = >1 

(2.3.10) 

and 62 be such that 

< (p _ g 2 )l+(^+ 0 m 

(2.3.11) 

and consider 

e = min{ei,€ 2 ). 

(2.3.12) 

Then from (2.3.10) and ( 2 . 3 . 12 ) 



P 


which gives 

1 i 1 



7 I ^ I ^ ^ A 

^ * pj3m+l ^ 

(2.3.13) 

Similarly from (2.3.11) and ( 2 . 3 . 12 ) 



ppm+l <; (p_ g^l+(/3+l)m 

(2.3.14) 


. I-I _ i"l .0 

2 p/3m+l ^p _ g^l+(/3+l)m 

(2.3.15) 

Now choose rj such that 

0 < T] < min{k\, ko) 

(2.3.16) 

this together with (2.3.13) gives that 



o ^ / U I I 

^ - p/3m+l (p _ ^ym 


hence 

1 . „ 

(p _ p^m +1 ^ 


or, 

1 J\z\ 

(p — e)"^"* \^p^m+i y 

(2.3.17) 


Similarly from (2.3.15) and (2.3.16) we have 


^ ^ - p|3m+l ^p _ g)l+G8+l)m 



and hence 


< 


— g^l+(^+l)>Tl p^m+l 




P.3.18) 

this together with (2.3.17) gives the result. Hence from. (2.3.7), (2.3.8) and (2.3.9) for 
j > ft -\-l we have 


A„-i,/,„i( 2 /,/) = O 


-1 


(2.3.19) 


(p — 

Here and elsewhere e and 77 will denote sufficiently small positive numbers which are not 
same at each occurence. Now, let for any positive integer n, w and t be determined by 


(5mw + t = (/3m + l)n, 0 < t < /3m. 


Then for 0 < j < p from (2.3.4 ) 

n— 1 /3mn-fn— 1 




k—^mn 


k^ 


k=pTnn 

/3mw~l (/?m+l)n— 1 

— k-Pmn , k-i3mn 

k=l3mn k^pmvj 

w—lpm-l (/?m-l-l)n-l 

k+Pm(%-n) , k~pmn 

^ ak+prmZj ^ ^ ^ akZ^ ^ 

1 —n k=Q k—pmw 

= 0 + ^ (from (2.3.4)) 

*=0 

1 |/3m(u;-n) \ 


o 


o 


(p-e)^" 


(p — 


whence 


n—l 00 n — 1 

^n— l,/,m (*^7 ? Z') ^ V ^k+Pmn^j E E ^k+imnZj 

k —0 i=PH -1 k =0 

1 

+ 


= o 


(2.3.20) 


(p — e)(^"*+0" (p — e)(^+0»«" j ' 

Proceeding as before we can show that for \z\ < p by choosing e sufficiently small we can 
find T), a positive number, such that 

1 


< 


(p_g)(Pm+l)n — (^p/3m 


(2.3.21) 



I 


and 

(p _ g)n(^+l)m - ~ ^7) • ( 2 . 3 . 22 ) 

Hence from (2.3.20), (2.3.21) and (2.3.22) for 0 < i < /i we have 

A„_i,i,„(zj; f) = 0 for 0<J</x. 

This together with (2.3.19) gives 

^ 1 j 0, . . . , 5- 

For the converse part suppose f) < p) {j = 1, 2, ... , q) for some f £ Ap 

and that rankM = /3m{/3m + 1). Set 

h{z) = An-U,miz; f) - /)- 

Hence 


= - Z^'^An,l,rn.{z-J) 

00 n— 1 Qo n 

= EE EE 

j=l3 k—O j=p k=0 

n-1 00 n— 1 

~ ^ ^k+l3mn^ ~l“ ^ ^ ^ ^ ^k-\-jmn^ 

^=0 j=/3-f 1 A:=0 

A;=0 j=^-hlJb=0 

n-1 n+/3m 

= E O-k+0mnZ'' + 

k=0 k=/3m 

00 n— 1 00 n 

+ E E E J2^k+jm{r.+l)z'‘ 

7==/3+1 A:=0 _;=)0+l^=O 

/3m— 1 n— 1 n— 1 

^ ^ ^ ”1” ^ ^ ^k-^(3mn^ V !! ^k-r0mn^ 

/c=0 k—pm k=0m 

n+/3m 00 n— 1 oo n 

^k+l3mn^ “1“ ^ ^ ^A:4'7m(n4-1)'^ 

k=n j=/ 34-1 Jb=0 k—0 

/3m— 1 ^m 

” ^ ^ ^ki-Pmn^ ^^4-(H-/3m)n'2^ 't' 

k^O A;=0 

00 n— 1 00 n 

+ E E ~ E E“*+Wn+1)^* 

J=;3+1 Jt=o ;=P+l fc=0 

jSm—1 /3m 

k=0 k^O 



Hence for 0 < j < /tx from (2,3.21) and (2.3.22) we have 

/ 1 ^ |n 1 


^ ^ _ gj(/jm+l)n (p _ e)03+l)" 

/Sm-1 / 

= S (^k+prnnZj + O - T]j . 


Since from hypothesis f) < Ks^rnilzjU p) {j = 1,2,..., p), i.e., 

^ ^ ~Zb^- 


We can put 


Then, 


for lairge n.Hence 


/)p/” = V>0. 


\/^n-l, l,m{Zy-J)\ < 


pfin 


- V 


h{Zj) f) Zj ^n,l,m{Zj', f) 

= 

hence from (2.3.24) we obtain 

/ 3 m-l / , \ n 

^ ak+l3mnZj = O - Ij • 

Similarly for j > p from (2.3.23), (2.3.8) and (2.3.9), we have 


/ 1 u 

k=0 \ 


^((/?-f-l)7n+l)n 




Since from hypothesis S,,,„(zj; /) < p) (y = p + 1, . , . , g), i.e.. 


We can put 


that is. 


Um|A„_,,.(..;/)p/'‘<^. 


- T7, 77 > 0 


,l+;Jm 


-77 


(2.3.24) 


(2.3.25) 


(2.3.26) 


\^n-l.l,m{Zj]f)\ < 



fiar large n. Thus 




o 


(. 




^ p^m+1 

Hence from (2.3.26) we obtain 

( \z \ ^ 

^ afc+(^m+l)n2j''’'” = O “ f) ^ 


or, 


Pm 


2_^ <^k-\-pm(pm-^l)i/+Xpm^j — ^ I V , 

yb=0 \ n I 


'^^^k+(J3m+l)nZj — O *7^ 

for large n. 

Now, since (2.3.25) and (2.3.27) holds for all n put n = {/3m + \)v + A, A 
(2.3.25) and n = j3mv + A, A = 0, . . . , /3m — 1 in (2.3.27) we have 

(y0771-h 1 ) "h A 



pPr, 

(i = 1, . . . , yu; A = 0, 1, . . . /3m; i/ = 0, 1, . . .), 

pm / 1 \ 

{j = /t+l, ...,g;A = 0, l,.../3m- = 0, 1, ...). 

Now since 

1 1 

J7 > 0 


1 1 

„/3m ^ ^ 


SO, 




p0m ’ 


j \ /3m+l 

-77 < 


ppm{pm'\-l) ' 


Choose 77i such that 


or. 

Hence (2.3.28) can be written as 

/?m-l 

E 

A;=0 


0 < 77i < 

1 

pPm(Pmi-l) 

' 1 ^ 

(pm-^l)u 

p/^m *^1 

1 < 


/?m+l 


-77 


ppm{pm-^l) 


?m-l / 1 \ ^ 

^ 0-k+fim(fm+l),^+XPmZ^ — O ( " ‘Hj 


(2.3.27) 

0, . . . , /3m in 

(2.3.28) 

(2.3.29) 


(2.3.30) 


(2.3.31) 





(j = I3m\ y = 0, 1, . . .)• 

Similarly {2.3.29) can be written as 

^k+{^m+l)l3mi/+{0m+l)X^} = O ~ Vj (2.3.32) 

(i = /i + 1, . . . , t?; A = 0, 1, . . . /3m - 1; 1 / = 0, 1, . . -)- 
Note that (2.3.31) and (2.3.32) can be written as 

M.A^ = B (2.3.33) 


where A (,^Pm(Pm+l)u J ^^m(J3Tni-l)f+lt • • - 1 ^/3m(/Jm+l)j/+/3m.(/Sm+l)— l) SUd 

B = (C>( ^(jn.+i) — 'qY^ , S is a column vector of order {q/3m + n) x 1. 

Since rankM = Pm{0m + 1) , solving (2.3.33) we get 

apm{^m+iy+k = O - ■'7^ 

for A; = 0, 1, ... , f3m{/3Tn +• 1) — 1. Hence 

limlaj.p/" < - 

j/-*oo' p 

which is a contradiction to / G Ap, 

Remark 2.3.1 For m = 1 Theorem 2.3.1 reduces to Theorem 2.1.5. 

Corollary 2.3.1 If either fx > /3m, or q — fj, > j3m + 1 that is, there are either 
at least dm points in \z\ < p or at least /3m + 1 points in \z\ > p ), then Z is not a 
{P,m, p)- distinguished set. 

Proof Since if p > /3m, we take the minor of M which consist of the first /3m rows 
of each X in M. Its determinant is {V {zi, . . . , 7^ 0 , where V{zi,..., zpm) is the 

Vandermond determinant. Similar reason applies for q — p > /3m + 1. 

Corollary 2.3.2 If P < q < /3m, or p == q < /3m, then Z is an {i3,m,p)- 

distinguished set. 

This follows from the fact that number of rows in M is q/3m + p < /3m{/3m + 1) so that 
rankM < j3m{^m -|- 1). 


Remark 2.3.2 Corollary 2.3.1 gives the following : 



Theorem 2.3.2 Let f G Ap, p > 1 and I > 1 with 0 the smallest positive integer 
such that pm > Z — 1. Then 


(i) 


lim I Ln-u,m{z\f) 




for all but at most pm distinct points in\ z\> p 


(ii) I An-i,irn{z; f) p/"- 

for all but at most pm — 1 distinct points m 0 <| ^ |< p . 

Remark 2.3.3 For m = 1 Theorem 2.3.2 reduces to Theorem 2.1.3. 


Prom Theorem 2.2.1 and Theorem 2.3.2 we have 




rvl-{-/3m 


for at most Pm distinct points in | 2 |> p. That is for \z\ > 

U^l An_um(^;/)p/"<R, R>1 


for at most Pm distinct points. In other words we can say that 


Remark 2.3.4 Let / G Ap^p > 1 and Z > 1 with P the smallest positive integer 
such that Pm > Z — 1 then the sequence {A„_i /)}^i can be boimded at most at prn 
distinct points in |z| > 

Corollary 2.3.3 If f is analytic on \z\ < 1 and if An-i, i,tn(z; f) is uniformly 
bounded in every closed subdomain of \z\ < p^+^”‘ then f is analytic in \z\ < p. 

Proof If / is analytic on kl < 1- Let f G Ap^ where pi > 1, then from Theorem 2.2.1, 
= KffpniR, pi). Thus, by above Remark 2.3.4 {An-i,i,m{z', f)}^=i can be bounded at 
most at Pm distinct points in \z\ > Also it is given that A„_i,i_,„(z; /) is unif ormly 

bounded in every closed subdomain of \z\ < Hence pi < p is not possible. That is 

Pi > p which gives that / is analytic in \z\ < p. 

Remark 2.3.5 When p = 0, g = Pm or p = g = Pm — 1 Corollary 2.3.2 implies the 
following : 


Theorem 2.3.3 Let p > 1 and Z > 1 with /? the smallest positive integer such 
that fim >1 — 1. 

(i) If zi, Zfim are arbitrary /3m points with modulus greater than p then there is 
a rational function f E Ap with 

Um I !''“< j = l,...,l3m. 

(ii) If 1 ^Sm-i arbitrary l3m — 1 points in the ring 0 < < p then there is 

a rational function f E Ap with 

IS i /) r/"= j = 1, . . . ,/3m - 1. 

Remark 2.3.6 For m = 1 Theorem 2.3.3 reduces to Theorem 2.1.4. 

2.4 In this section we study f) 'which is the r*^ derivative of An~i,i,m{z', f) 

with respect to z. We give some quantitative estimates for ]im„_oo max|,|=ii /)P^" 

and by introducing the concept of distinguished point of degree r we investigated some 
relations between the order of pointwise convergence of ^ /) and the properties of 

fi^)- 


Theorem 2.4.1 For each f E Rp{p > 1), for any integer I >1 let ^ be the least 
positive integer such that /3m >1 — 1 and r > 0, and any i2 > 0, there holds 

- Kp,m{R,p) (2.4.1) 

where Kp^miRi p) is given by (2.2.1). Equality holds in (2.4-1) iff f E Ap. 



O 


if i2 > p 

if 0 < R < p 



where {k)r = k{k — 1) . . . (fc — r + 1), {k)o 1. Hence 


\A%,Az;f)\ < M \ 


((p_”)^+») if 

i ((F%^) 


thus, 


lim max|A^’’2i im( 2 ; /)P^" < | ^ 

n--oo|j|=R' " 1 ’'-'"'' ’•'^1 - ] 1 

since e is arbitraxy small, we obtain (2.4.1). 


if 

if 


R>p 
0<R< p 

R>p 
0 < R < p 


To prove the second part we show that equality does not hold in (2.4.1) iff / e Rp\Ap. 
First suppose equality does not hold in (2.4.1), then there is some r' > 0 and f G Rp for 
which strict inequality holds in (2. 4.1). That is 


/)p/'^ < K0,ra{R,p)- 




Thus 


n— 1 


n— 1 c» 


*= 1 ^ k=r' ]=P+\ 


Let R> p, then 

n— 1 n— /3m— 2 

k=n—lm—\ 


k-r 


A:=r' 

n—l oo 

-EE 

A:=r'j=/3+l 

By Cauchy integral formula, we have for n — Pm — l<k<n — l 


{k)r‘0>k+^-n 


— [ 

27ri J\z\=R 


l\z\=R Z 
n-/?m-2 


k-r^^l 


-dz — 


f 

J\z\^R 




z\=R Z 


k-r'+l 


7udz 


O'k'+njm 


27ri J\z\=R 

Ar') f\[U-k 


dz 


< max |A),?i j^{z-, f) \R-'‘ + 0 + C> { rf'R-’^-. . 

iz|=fl \ (p _ g)n+(/ 3 +l)mn 


RT 


Hence from (2.4.2) 


Um < moi I 


R 


3S+T 


(p - e)(^+i)'"+\ 


(2.4.2) 
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By choosing e > 0 sufiBiciently small so that 

(p _ (c)-(03+l)»"+l) <; p-(^^+l) 


we have 


Iha \ak-hpn 


I k+ 0 mn ^ — 

P 


n — — \<k<n— \ 


or, 


, I 


lim la„ h* < 

n— »oo p 


Thus we have / G Rp\Ap. 

Similarly lox R< p by taking 0 < k < /3m — 1 from (2.4.2) we have 


limlafe+STOnl*^ < rnax 

n—*oo 

1 

p 


0 m 


1 

0 m 


pPr, 


[p — 


0 < k < 0m — 1 


or, 


lim|a„|!= < 


Thus we have / G Rp\Ap. 

Next, let / G i2p\Ap. Thus / G i?p, for some pi > p, hence by the first part of Theorem 
2.4.1 we have 


lim max I A 

n-^OO |2| = R 


(r) 


(z;f)\y^<K0,^iR,Pi). 


Since P\> p hence by definition 


Kpymi.R') Pi) R-P,m(.Ri P)i 
with above equation which gives 

lmmax|A'-2,j„(z;/)|V" < Kf„(R,p). 

71— *00 |2:|=i{ 

Thus equality does not hold in (2.4.1) if / G Rp\Ap. 

Corollary 2.4.1 For each f G Rp{p > 1), and any integer Z > l,r > 0, there holds 

Moreover the result is best possible if f £ Ap. 



Remark 2.4.1 


For r = 0 Theorem 2.4.1 gives Theorem 2.2.1. 


Remark 2.4.2 For m = 1 Theorem 2.4.1 gives Theorem 2 . 1 . 6 . 

For any integer r > 0 , we set 

We say that 77 is an m, p)-distingiiished point oi f £ Ap of degree r if 

f) < K0,rn{\r}\, p), V i/ = 0, 1, - • ■ , ^ - 1, 

and consider it as r points coincided at 77 . 

Hereafter let { 771 /}®=! be a set of s points in C and denote the number of appearence 
of 77 ^ in { 77 j}^=i. We prove 

Theorem 2.4.2 U f ^ ^piP > 1), ^ is any positive integer, for which 0 is the least 
positive integer such that 0m >1 — 1 and there are 0m + 1 points in 1^1 > p 

(or, 0m points {riu}t=i M < p) /o’' which 

< iiCp,„v(|77|,p), z/ = l,...,/377i + l(or /3?7 i), 

V 

then f £ Rp\Ap. 

For the proof of Theorem 2.4.2, we need 

Lemma 2.4.1 Let g{z) = ^ Rp{p > 1 ) 5 ^ o,ny positive integer and 

Ws{z) := ~ ’?£') = Z)fc=o where are any given s points in \z\ > p ( 

or in \z\ < p), then 

Hp'miVu, Wsg) < p), 1/ = 1, . . . , s (2.4.3) 

iff there is a po > p such that for 1 / = 1 , 2 , . . . , s 

= O (po (or = O(po^’')) . 

proof : From (2.2.3) 

n — 1 00 

^n-l,l,m{z,g) = EE ak+njmZ‘‘. 

k=0j=P 


Similarly, for any positive integer i/, we have 


n — 1 oo 

^ 9} ~ ^k-u-hnjm^ • 

^=0 j=/? 

According to the linearity property of A„_i,/_„i(>z; /) it follows that 

s n — 1 00 

i/=0 k—^ j=j3 

s n—i /— 1 cx) 

t ^=0 Ap=-Z/ 

OO 5 / — 1 n—l n— 1 \ 

= EEc-Je+E- E 

i/=0 \^k——t/ k=Q k—n—u) 

00 S £/— 1 

“ ^ ^ ^ (-2^)^71—1,2,771 

j=:/3 £/=l A :=0 

c» s f /— 1 

E E E “ik+n-^+njm-^*- 

j=/? A :=0 

Next, we have 

OO S t/— 1 00 5—1 5 

X/ X^ X^ ^Ar-v+n;m- 2 ^ = EE-‘ E Cj/Clk —y-^njm 

■ 7 =^ i/=l Ar =0 y=/3 jfc =0 i/=A:-{-l 

5—1 5 — Ar 00 

Ar =0 u—\ _;=/? 

Similarly 

OO s y—1 00 5—1 5 

EE^E ^ A+ 71 — -f 717 m -2^ ' = EE-‘ E ^y^k-j-n—y-hnjm 

j=l3y=l k=Q ;=/?A=0 ^=A+1 

5—1 s—k 00 

~ ]E ^1'+* E ^n+n^m-j/- 

fc=0 t'=l j=/3 

Substituting these in (2.4.4) we have 

5—1 s~k 00 

^n-l,2,m('2^7 ^s9^ ~ X > *2' C^+k ^ ^ (^ijm-y “H (-2^)^n-l,2,m(«2^5 5^) 

A:=0 

5—1 S—k 00 

A:=0 z^=:l j=/? 

5—1 5 — A OO 

= tJs(-2) p) + 2 : y~) C't/+fc Q-imn-t/ 

k=Q u=\ j=/3 

5—1 5— A OO 

”•2^ E ^ !E E ®;mn+n-f/- 

fc=0 f=l j=/J 


(2.4.4) 


(2.4.5) 



4 / 


Now, since occurs times in hence =0 a.t z = 7]^, and r = { 

Thus, for 1 / = 1 , 2 , . . . , s we have 

:/=1 j=^ 

S -1 5-^ OO 

- E(^ + E E «;-n+n-.- 

Ar =0 ^^=1 7=/0 




If points are in \z\ > p then 

'^sQ) = O ^ymn ■*" ^(;3"»+l)n j ' 

Now, for |77 j.| > p, for a given e > 0 we can find J 7 > 0 such that 

Po > P 


Po 


M „v 

(/3m+l)n — ^ p^m-hl ^ J 


and from (2.3.8) 


Thus, 


hence 


f M 


\t)„\ > p. 


(p — €)/3mn — ^p/3m+l ’ 


(»7^; < 


ryl3m + l ’ 


r/ = 1 , 2 , . . . , s. 


S imil arly if points are in \z\ < p then 


^n-iSmiVt^^ ^sg) = O 


+ 


\vT 


(p - e)(/?»^+l)n J ' 
For \r}^,\ < p, for a given e > 0 we can find 77 > 0 such that 


< I 77; 


pMn - ^pPm 


PQ> P 


and from (2.3.21) 


Thus, 


hence 




“f 


^s9) = O - 77 ^ , 


\r)u\ < P- 




— X, 2, . . * J s. 


' Pt/ - 1- 


(2.4.6) 



Conversely, suppose (2.4.3) is valid. First let us consider when {J7t/}t=i are la ki > P- 


Since g G Rp, by continuity there is a pi > p with 


p < Pi < min 


such that 


Prom (2.4.5) 


■^^,m ijlvi ^s9) ^ Pi)) ^ 1, . . . , S. 


(2.4.7) 


s— 1 s—k 

^k- 


E ^i/-\~k ^ ^ ^jmn+n— i/ 

k=T t/=l j=j9 


( s-1 s—k cxi 

k=Q x/=l ;=/3 


(r) 






(6) 


ALtU(^;p)- 


- E( ( 1) )(^ ^^5^) + 


(.=0 


/s-1 s-i 


(r-6) 


+E( )(0<‘> E^EC'.«E». 


*jmn—y 


6=0 \ A :=0 j =^ 

On taking r = pj, — 1 and z = pj,(i/ = 1, . . . , s), from (2.4.7) and the fact that f E Rp and 
the definition of pi, we have 


■*'jTnn+7i—i/ 


= 0 + C (nr‘'-d>7d”"(^^,r.(|»?.i)Pi)r + ^ (n^‘'~d»?d""(p - e)-^’"") 

— C? ^n^'' max ^^^+l>) mxn| 7 )„|”(p-e)^'"" ^ ^ • 

Since e is arbitrary small hence by the choice of pi we have 


A:=p,/-1 ty=l j~p 


= O ) 1/ = 1, 2, . . . , s. 

Since are all distinct thus on solving (2.4.8) we have 

s-k oo 

Y, ^ a, = C , 

x^=l ;=p 

where r = maxi<;,<g[pj, — 1], = 0, 1, . . . , s — 1. Solving (2.4.9) we have 


(2.4.8) 


(2.4.9) 


E = O , *- = 1.2,...,/). 

;=/? 



so that by the choice of pi 


^0mn+n—t/ 

0 


= 

O 


= 

0 



O 


where po G (p, Pi). 




J=/3+l 


In the case when axe in |z| < p, since g G Rp, by continuity there is a pi > p 

with 

p < Pi < min 

such that 

w^g) < Pi), i/ = 1, . . . , s. (2.4.10) 

Prom (2.4.5) .. 

•»» 

, w 


»•! ,.f 


I /=1 j=0 

= fl) ) ^n-S,m(^> 9) - A^li, 1,^(2; 0Js9) 


b=0 


( s—l s—k oo 

^jmn+n“/> 

k^O 1^=1 j=^f3 


ir) 


On taking r = p^, — l and z — = 1, . . . , s), from (2.4.10) and the fact that f G Rp and 

the definition of we have 

S—l S—k oo 

E Wp.-i'?/‘’^*'E'^.-+‘E%™-. = o+o(r.-'->(irA„(ki,p,))" 


k=py-l 


+0 n^-' 


U=\ 

-1 


(p-e) 


—I 3 mn—n 


= O ( n^’' ^max 


max\g^ 


,Pi""'’ (p-e)^^’"+'‘^ 

Since e is arbitrary small hence by the choice of pi we have 

S—l s-k oo 

fc=p„-l u=l j=p 


0(n>^-V”"). i- = l,2,...,«. 


(2.4.11) 
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Since are all distinct thus on solving (2.4.11) we have 

s—k oo 

^ , (2.4.12) 

v=\ 

where r = maxi<j,<s[p;, — 1], A: = 0, 1, . . . , s — 1. Solving (2.4.12) we have 

OO 

x: = e? (nvr^™) , Z/ = 1 , 2, . . . , s, 

so that by the choice of pi 

OO 

a^r^n-u = 0[rCp-,^^)- Y ^irnn-u 

J=P+1 

= O + o ((p - e) 

where po € (p, pi), which completes the proof. 



If are in \z\ < p, then we set 

y3i7i oo 

g{z) = [f{z) - L 0 m-l{z)]/ ri(^ “ 

i/=l A:=0 

where Lprn-i{z) is the Lagrange interpolating polynomial of f{z) of degree — 1 at 
then we have /(z) = U 0 miz)g(z) + Lfim-i{z) where g(z) € Rp and Lprn-iiz) 6 
Rp\Ap. By analogous arguments as in \z\ > p we can show that g € Rp\Ap so that 
/ G Rp\Ap. 
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Remark 2.4.3 For m = 1 Theorem 2.4.2 gives Theorem 2.1.7. 

Remark 2.4.4 For = 1,'rfv Theorem 2.4.2 gives Corollary 2.3.1. 

Theorem 2.4.3 Suppose f S Ap{p > 1),Z is a positive integer, for which /3 is the 
least positive integer such that pm > Z — 1 then 

(a) there are at most Pm points {riv}^\ in \z\ > p with 

(’!.;/)< P). = 1, . . . , /3m 

(b) there are at most 0m — 1 points in \z\ < p with 


< Kg,„(\-nA,p), 


z/ = 1, . . .,Pm — 1. 


(c) The degree of {P,m,p) - distinguished point of f{z) is neither greater than 
Pm in \z\ > p nor greater than Pm — 1 in [.zj < p. 

(d) If either z is in \z\ > p and r > Pm + 1 or z is in jz| < p and r > pm, then 


lim 

n— »oo 


/)l 


1/n 

= 1^/3, mi\M’ P)- 


Moreover, for given any rj in lz\ > p and 0 < r < Pm + 1 or for r) in \z\ < p and 
0 < r < Pm, there is an f £ Ap for which 


lim 

n— *oo 




1/n 

P)- 


Clearly Theorem 2.4.3 follows from Theorem 2.4.2 excluding second part of (d) which 
follows from the following Theorem 2.4.4. 

Remark 2.4.5 For m = 1 Theorem 2.4.3 gives Theorem 3 [28]. 

Remark 2.4.6 For p^ = IVz/ (a) and (b) of Theorem 2.4.3 gives Theorem 2.3.2. 

Theorem 2.4.4 Let f G Ap{p > 1), I be any positive integer for which P is the least 
positive integer such that pm>l-l and MUx « points in \zl > p,s < pm 

( or in \z\ < p,s< Pm - 1^ , with the numbers p„ of the appearence of in 
Then the neccessary and sufficient condition for 
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is 

f{z) = Ws{z)Gsiz) + Go{z) (2.4,14) 

where w^iz) := n;=i(-z - Gq{z) G Rp\Ap and Gs(z) = otjZ^ G Ap with 


0 ^ 1, 2, . - . , S, 


proof : Sufficiency. Suppose f{z) can be expressed as (2.4.14). Since Go(z) G 

Rp\Ap, according to Theorem 2.4.1 

Go) < O ([ifo,.„(l>;.|,p)n . 

that is there exists a. p\> p such that 

Go) = o (lirft„(b„|, ft)]”) . (2.4.15) 

Using the hypothesis of G^, from (2.4.6) we have 

A2:rilfc«».G,) - • 

u—l j—0 

s— 1 s—k oo 

- E(" + E E 

^=0 I'— I 

s— 1 s~k CX3 

= 0((p -£)-»”“) + E(" + *’)p.-.'?^"'‘^'‘’Eg.+o E 

k=0 £/=l 

= G((p - e)-'^'"" + O {\Vu\'"n^‘'~\p - . (2.4.16) 

By arbitraryness of e > 0, from (2.4.14), (2.4.15) and (2.4.16) we obtain 

1? P) • 

Neccessity, Suppose / satisfies (2.4.13). Let for \z\ > p 

. oo 

g{z) = f{z)/w,{z) = Y,^kz'", g{z) G Ap. 

k=0 

According to Lemma 2.4.1, from (2.4.13) there exists a po > p such that 

<•(«»«)»-. = o (po'‘'”""'’”) , 1- = !,...,». 
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We set 

( 

0 ,if y = 1, . . . , s;n = 1,2, . . . , 

( a(j3m+i)n-,/,if U — s + l,.. . , (3m + 1; n = 1, 2, . . . , 
and Gs{z) = E~o®i-2^yo(-2) = g{z) - Gs{z). Clearly Gs € Ap with a(^pm+i)n-u = 0, 
1, . . . , s) and goiz) = E“o 


T(/3m-f-l)n— £/ \ 


^(^ 7714 - 1 ) 71-/^5 ^ 1 , .-.-, 5 , 77 - 1 , 2 ,..., 

0 , if = 5 + 1, . . . , (3m + l;n = l,2 , ..., 
hence po(^) ^ Rp^- Then we have 

f{z) = Ws{z)g{z) — tUj(2)[Gs(z) +^o(-z)] = Ws{z)Gs{z) + Gq{z), 

where Gq{z) = Ws{z)gQ{z) G i2p„and since pa > p thus Go{z) G Rp\Ap. 


In case {»7 j7}*=i are in \z\ < p, the proof of sufficeincy is similar. For the necessity part 
we set 

g{z) = [f{z) - Ls-i{z)]/wsiz), 

where Ls-i{z) is the Lagrange interpolating polynomial of f{z) of degree s — 1 at 
then we have f{z) = Ws{z)g{z) +Ls-i(z) where g(z) G Ap and Ls-i{z) G Rp\Ap. Similarly 
we can show that g{z) = Gs{z) + go{z), where G Rp\Ap and Gs G Ap with a^mn-u = 
0, (i/ = 1, 2, . . . , s) and obtain (2.4.14). 


Corollary 2.4.2 Let f G Ap, {p > 1),Z be any positive integer for which /3 is the 
least positive integer such that 0m >1 — 1 and be any s distinct points in 

\A > P 5 S < 0m ( or in \z\ < p,s < 0m — 1 )■ Then the necessary and sufficient 
condition for 

Rj3,m{jji/^ f^ P) ^ 1, . . . , S 

is 

f{z) = Ws{z)Gs(z) + Go(z), 

where Ws(z),Go(z) and Gs(z) have the same meanings as in Theorem 2.4-4- 

Corollary 2.4.3 Let f G Ap, {p > 1), I be any positive integer for which 0 is the 
least positive integer such that 0m >1 — 1 and 17 be any given point in |z| > p,s < 07n 
( or in \z\ < p,s < 0m — !)■ Then the necessary and sufficient condition for 

HIM f) < P), u = 
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is 

f{z) ~ {z — tiYGs{z) + Gq{z), 

where Goiz) and Gs{z) have the same meanings as in Theorem 2.4-4- 

Remark 2.4.7 For m = 1 Theorem 2.4.4 gives Theorem 2.1.8. 

Remark 2.4.8 For p^, = Viv Theorem 2.4.4 gives Corolalry 2.4.2 above which is a 
generalization of Corollary 2.3.2 and hence of Theorem 2.3.3. 


2.5 In this section we consider a set containing the points in \z\ < p and \z\ > p 
simultaneosly and generalise result of section 2.3 for the case that the points of {zj can 
be coincided with each other. We call a. set Z = with \T]j\ < p,j = l,...,/x and 

\r}j\ > p,j = /X + 1, . . . , s and denoting the number of appearence of in p = 

1, . . . , s. an (/3, m, p) -distinguished set if there exists an / € .4^ such that f) < 

P)i = 1, • - • , s- To determine a criteria whether Z is an (/3, m, p) -distinguished 
set'or not we define the matrices X, Y and M(X,Y) as follows; 





... {z^^-^)^^-%=r,r\ 


... 


... 


... {zi^^)^--%^r,. 



The matrices X and Y are of order (p x /3m) and (s — p) x {/3m + 1) respectively. Define 


M = M{X,Y) 



X 

0 

Y 

0 



where X occurs /3m + 1 times and Y occurs /3m times beginning under the last X. The 
matrix M is of order (s/3m + p) x ^m{/3m + 1). We now formulate 
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Theorem 2.5.1 Suppose Z = {^;}f is a set of points in C such that \zj\ < p {j = 
1, . . . , and \zj\> p (j = /i + 1, . , . , s). Then the set Z is (/?, m, p) distinguished iff 

rank M < 0m{Pm + l). (2.5.1) 


Proof : First suppose rank M < ^m{^Tn + 1). Then there exists a non-zero vector 

b = {bo, bi,..., bisn(pm+iyi) such that 

M.b^ = 0. (2.5.2) 

Set 

OO 

/(^) = 


7V=0 


— 1^0 + b\Z bpm{Pm-^l)-\Z‘ 

Clearly f E Ap and that 


.pm{pm+l)- 




.p) 




where N = Pm{/3m 4- l)u + k, A: = 0, 1 , , fim{/3m + 1) — 1, i/ = 0, 1, 

Prom (2.5.2) and (2.5.3), we have 


( 0m— 1 




Y, <^l 3 mn+kZj = 0 for each n and j = 1,2,..., p. 




and 


'/3m 


(Pj-1) 


'y ] ^(0m+'[)n+kZj 
\.k=0 


= 0 for each n and j = p + l,...,s. 
For any integer n > 0 let r and t be determined by 

Smn + t = {pm -|- l)r, 0 <t < 3m -f- 1 


then ioT j > p + 1 from (2.5.5) 

/i-l n-l 

~ I ^ ^ ^k+0mnZj ^ ^ nk4-3mnZj j 

\k=0 k=t J 


fn-\ 

0‘k+fimnZj I 

Vi=0 / 


't-1 


/3mn-l 

I k , (0m+l)c/f-k-0mn 

— I 2^ ^ki-0mn^j + ^ 2^ <^(0m-i-l)t/+k^j 
\k-Q k=0 

/t-l \(Pl“l) 

” ( Q | 

\k^0 J 

1 


= o 




(for large n) 


(2.5.3) 


(2.5.4) 


(2.5.5) 
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This ioT fi< j < s gives 


foon-l 

A&ilfe;/) = 

\t=0 fc=0 / 

/ 00 n-1 \ (Pj 0 

= EE ^k-htmn^j 

\t=^ A:=0 

/n— 1 oo n-1 ^ 

= I X/ ^k+^mnZj + E E 

\k=Q t=y3+l fc=0 


= q( \ \j^q( 

\{p-eY^^) Up-€)'^(’ 

This together with (2.3.8) and (2.3.9) gives 


m(^-i-l)+l) j 


f)=0 (j^ - for \Zj I > p. 


Now, let for any integer n > 0, r and t be determined by 

fimr + t = {fim + l)n, 0 <t < /Sm. 
Then for 0 < i < p fronoi (2.5.4) we have 




n— 1 \ b /Pmn+n—1 \ 

J2^k+0mnZj] = ( E 

/ \ k—^mn J 

1 (/5m4-l)n— 1 \ 

E a,z';-"^’'+ E 

k=pmn k—rpm J 

/r— 1 1 (/3m-rl)n— 1 \ 

= E E + E 


\v=n jb=0 
/t-i \(pj-i) 


k=r^Tn 


) 


\k=0 


O 


= O 


(p — ^ 


[p J 

whence for 0 ^ j < p we have 

^n— 1 oo n-1 


iPi-l) 




^k+j3mn^j ”1“ E E (^k+tmn^j 

\^k=0 t=^+l it=0 

n( ^ ^ i-i- 

~ ^ \(p - e)(/3"^+i)'* ^ (p - €)'"(P+i)" j ■ ^ ^ 


(2.5.6) 

(2.5.7) 


(2.5.8) 
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This togeher with (2.3.21) and (2.3.22) gives 

f)=0 - T/j for [Zjl < p. (2.5.9) 

Hence (2.5.7) and (2.5.9) gives 

For the converse part suppose < K^,rn{\zj\, p) (j = 1, 2, ...,s) for some 

/ = G Ap and that rank M = /3m{Pm + 1). Set 




EE ^jmn-hk^ ^”EE 

j=/3k=0 j=/3k=0 

n— 1 n 


+ E E“i™+t^‘- E 

k—Q y=/34-l k=Q 

( n-l ni-^m 

^pmn-hk^ ^ ^ ^j3mn-hk^ “1“ 

A:=0 k=l3m 

oo n— 1 00 n 

+ E J2<^jmn+kZ^- E E 

j?=j5+l A:=0 j=j5+l A:=0 

( //3m-l n-1 n-1 n+i3m.\ \ 

E + E - E - E -pr...kz^] 

\ k=0 k—^m k—^m k=n J J 


+ o((ii:^«,„(|z|,p-6))") 


— { ^k-\-^7nn^ n^+Z^rnnH-n-S^ 


+ 0((iir^^i,^(H,p-e))"). (2.5.10) 


Now for 0 < j < p from (2.3.21) and (2.3.22) 




(p - e)(^’”+0n (p — e)(/3+0>i 
\ (pj-i) . ^ 


= E 




(2.5.11) 


Now from hypothesis f) p) (i = 1, 2, . . . , p). That is 


V 
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for sorae 77 > 0. Thus, 


for n > no(e) and r; > e > 0. Thus 

' 1 


o 


pPn 


-'n 


Hence from (2.5.11) we obtain 


^ 1 = O 

i=0 


p0r, 


^ ■ 


Similarly for j > fi from (2.5.10) from (2.3.8) and (2.3.9) we have 

(P.-1) 




^ ] ^k-tr0mn+n^j 
fc =0 


+ 


+0 


f 


+ 


\^(p _ g)/?mn _ ej((/3+l)m+l)n 

Pm \ 

Ar+n j 


— I 5-/ ^k-hpmni-n^j 

k=Q 


I 


+0 


(±A_ 

I pfim+l 


(2.5.13) 


Now from hypothesis ’{zj] f) < Kp,m{\zj\,p) (i = /^ + 1, . . . , s). That is 

- 77 

for some 77 > 0. Thus, 


for n > 7 To(e) and 77 > e > 0. Thus 




pm Ai.(jPj-l) I 


o 


p/3m4-l 

Hence from (2.5.13) we obtain 

/ Pm 


-ri 


(pj-i) 


j ^ ] ^k+Pmn+n^] 

\k=Q 


= C» 


fJM_ 

1 p/3m,+l 




or. 


//3m 


\ (Pj-1) 


(^k+pmn+n^j J ^ 



(2.5.12) 


(2.5.14) 
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Now, since (2.5.12) and (2.5.14) hold for all n, putting n = {(3m + l)v -t- A, A 
in (2.5.12) and n = ^mv + A, A = 0, . . . , /3m — 1 in (2.5.14) we have 


I ^ ] ^k+0m{0m+l)i/-rXj3m^j I — O 

V A=0 


(/3Tnd-l)i/-f A 


pj3n 


-V 


(j = 1, . . . , /i; A = 0, 1, . . . /3m; = 0, 1, . . .), 

'/3m 

ik=0 ] 


/ - \ pmi/i-X 

= 0 {^—T-v] 


\ pPm-\-l 


/X “1“ 1, . . . , A 0, 1, • . . (Stti I5 0, 1, - • 
Now from. (2.3.30) 


(j3m+l}i/ 


p/3. 




< 




-7/1 


Hence (2.5.15) can be written as 


( pm— I 


(pj-i) 


. ^k+0m(J3m+'L)u+X0m^j 


o 


jt=0 


p/3m(/3m+l) 


-T) 


{j = l,...,/i;A = 0,l,.../3m;i/ = 0,l,...). 
Similarly (2.5.16) can be written as 


'/3m 


fe-1) 


d-(/ 3 m -r 1 4 - A ( 5 m -r 1 ) 


o 


<k=Q 




V 


{j = fj, + l,...,S]X = 0,1, .../3m- l;i/ = 0,1,...). 
Note that (2.5.17) and (2.5.18) can be written as 


M.A'^ = B 


where 




B is a column vector of order ( (s/3m + fi) x 1) . 

Since rank M = /3m(/3m + 1), solving (2.5.19) we get 


0, dr/i 


(2.5.15) 


(2.5.16) 


(2.5.17) 


(2.5.18) 


(2.5.19) 
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for A; = 0, 1, , 0m{/3m + 1) - 1, Hence 

liin|ai,p/‘' < - 

p 

which is a contradiction to / € Ap. 

Remark 2.5.1 For m = 1 Theorem 2.5.1 gives Theorem 2.1.9. 

Remark 2.5.2 For = Viv Theorem 2.5.1 gives Theorem 2.3.1. 



Chapter 3 


WALSH OVERCONVERGENCE USING LEAST 
SQUARE APPROXIMATING POLYNOMIALS 


3.1 Rivlin. [39], by considering least square approximation to functions in Ap (class 
of functions analytic in \z\ < p but not in \zl < p) by polynomials of degree n on the 
roots of unity (q > nH- 1), generalized the Walsh equiconvergence theorem in the following 
manner : 

Theorem 3.1.1 [39] If q = mn + c,m > l,0<c< m and Pn{z) denotes the 

polynomial of degree n which minimizes 

Y. - /(w*) P, = 1 

fc=0 

over all polynomials Qn of degree < n and Sn(z) is Taylor polynomial of degree n 
for f G Ap, then 

lim{P„(z) - 5n(2)} = 0, V| 2 :| < 

n — »cxD 

Recently, the above result of Rivlin has been extended by Cavaretta, Dikshit and 
Sharma [10] as follows : 

Let q = mn + c, 0 < c < tu, n > 0 and Pn-i,r{z', f) be the polynomial which minimizes 
Y Y l<3n-i(w*) - /(w*') P, (*;« = 1, r a fixed integer 

//==0 jb=0 

over all polnomials Qn-i of degree < n - 1. Then from Le mm a 2 [10] if f{z) = € 
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Ap, then P„_i,r is given by 


where 


and 


A :=0 


1 00 

~t / \ ^ ^ A; = 0, 1, - . . , n. 1 




r-l 


1=0 

where (fc)j = A;(fc - 1), . . . , (A: — i + 1) and (A:)o = 1- 
Set 

5„-i,;,r(z; /) = ^ i = 0, 1, • • . 

jfc=0 

and for a fixed positive integer Z, 

An-l,I,5(2; /) = Pn-\,r{,Z\ /) — ^ /) 

j=0 

then we have 


Theorem 3.1.2 [10] For any f 6 Ap,p > 1 and for any positive integer I we 
have, for R> p, 

lim A„-i,j, 5 ( 2 ; /) = 0, V|z| < 


Further L. Yuanren [25] and M.P.Stojanova [50] generalised Walsh’s theorem by considering 
Dp = {z E C] \z\ < p},rp = {z E C] \z\ = p}. That is Ap denote the set of all functions 
f{z) which are analytic in Dp but not on Fp. Let a,/3EDp and for any positive integer s 
and n(s > n) let Ln-iiz,a, f) and Ls-\{z,0, f) denote the Lagrange interpolants of / in 
the zeros of z" — o” and z® — /3® respectively. With above notations L. Yuanren [25] proved 

Theorem 3.1.3 [25] If s = Sn = In A p,p — Pn = r\n + 0{l),Q < ri <l,p > Q then 
for each f E Ap and for each a,^3 E Dp, we have 

Tto|A;:f(zi/)|V” = 0, VN<r, 

where 

^n.f (-2; /) = Ln-x{z, a, f) - L„-i(z, a, L,-i(z, /?, /)) 


and 


T = plmax{\alp\\ |^/p|'+'‘}. 
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More precisely for any R with p < R < oo, we have 

S{max|A“f(z;/)p/"} < R/r. 


When q: — 1, ,5 = 0 and s = In, the above result yields a result of Cavaretta et al [12], 
which itself is a generalisation of a theorem of Walsh [58, p. 153]. 


M.P.Stojanova [50] obtained more precise theorem for the difference A"’f ; 


Theorem 3.1.4 [50] With the hypothesis of Theorem 3.1.3, if \oc/p^ ^ |/3/p| 
and for n ^ 0 \a/p^'^^ -f=- then 


where 





R>0, 


K,{R) = < 


{R/ p)max{\al p\\ |^/pp+'''} for R>p 

marc{[Q:/p|'''‘\ \a/pWR/py^, \0/p\^'^^} for 0 < R< p 


As a particular c£ise a = 1, ^ = 0 and s„ = In, Theorem 3.1.4 reduces to Theorem 

2 . 1 . 2 . 

Now if Sn-\(z',g) denotes the (n — 1)^^ partial sum of power series of g then 

Sig-iiz] f) = Y, = E E 

k—Q k=Q j=0 


Since for 


we have 


Hence 


OO ^—l OO 

f{z) = ^ akz'‘ = E 

A:=0 ^=0 j=Q 

Tn-l,r{Z, f) — 2_^ 2-^ A ■ 

fc=0j=0^0,*(rj 


5i,-i(z; /)] = E E 

*=oj=o 

Thus motivated by Theorem 3.1.3, Theorem 3.1.2 can be stated as 


(3.1.1) 


Theorem 3.1.5 For each f €: Ap and each positive integer I, 

lim {Pn-i,r{^\ f) - Pn~i,r[^-, Sig-i{z; /)]} = 0, fov \z\ < (3.1.2) 
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the convergence being uniform and geometric on any closed subset of z < Z < 
Moreover the result of (3.1.2) is best possible. 

In the present chapter in section (3.2) motivated by Totik [56] we extend and improve 
the above Theorem 3.1.2 by obtaining a result that gives exact estimates for the growth 
of An-i,i,q{z, f) not only for i? > p but for all positive R. In section (3.3) motivated by 
M.P.Stojanova [50] we consider roots of o:" and extend Theorem 3.2.1. Theorem 3.2.1 has 
been published in the Journal of Analysis [24]. 

3.2 If we set 

P/,m(-R) = max lA„_i,i.,(2:; /)p/", 

n“*oo \z\=R 

and 

if R> P 

if 0 < R < p. 

Then, from Theorem 3.1.2 for i? > p 

9l,m{R) < Kl,m{R,p). 

We shall prove that here equality holds. We also consider the pointwise behaviour of 

An-l,l,q{z, f). 

Theorem 3.2.1 If f ^ -Ap, I is a positive integer and R > 0 then 

9i,m.{R) = Ki,miR-, p) 


Kl^m.{R.p)=\ 


1 


Before proving the theorem we give a lemma. 

Lemma 3.2.1 For |t| > 1 and i>0, g>l,A:>0 




dt^ I 


1 j § 


Further, 


= O {(k + lq),\t\-‘’~^) , 


for large n that is for large q. 


Proof : 


Ut) = 


(p f 
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Further 




<i* / +(l-09+»-*-l oo 




(-!)**£(* - * - 1 - jq){i -k-l~jq-l)... 
]=i 

{i — k — \ — jq — [i — 

CX3 

- 1) . . . (A: + jg - i + 

}=l 

f (fe+Jg)» 




cZt* \ 1 - 1-« 




Proof of Theorem 3.2.1 


Since / G , we have 


ajfe = 0{p- e)' 


(3.2.1) 


for every e satisfying 0 < e < p — 1 and k > ko{€). Let R be fixed, \ z \= R and if i? < p 
then we assume e > 0 so small that R < p — ehe satisfied as well. Then by the definition 
of An-i, i,q{z] f) and above Lemma 3.2.1 we obtain 


OO n—l 


f) = EE -^ak+qjZ^^ 

j=l k=o -^ 0 -*= 


OO n—l 


\ifc= 0 1=0 ;=I KP V ) 

= o(eew.n‘’s,, ,((>-€)) 

V)b=0 1=0 / 
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'n— \ r— 1 


= E E + kUp - 


jfc =0 1=0 


^ (p-^r'"EEw*(^+^9X 


Ar=:0 1=0 


(p-e)- 


N { n ) r ^, 


(p-e)'?+" 


for p 


[ for 0 < i? < p, 

where N{n) is a quantity dependent on n with lim„—oo(-?^(’T'))^'^" = 1- Thus 




(p - ey 


if R> P 


if 0 < R < p. 


Being e > 0 arbitrary small this gives 


lim inax |A„_i,j, 5 ( 2 ; /)p^" < 


if R> P 


if 0 < -R < p. 


To prove the opposite inequality let first R > p, then 

oo n— 1 A ^ 

f) = EE 

J=l Jk=0 -^0.* 

n—ml~~2 A n— 1 a 

_ Al^k -U 

^ A + 2-/ A + 

fc=0 ^0.<= k=n-ml-l 

OO n— 1 A 

A . k u 


+ EE 

j=i+l k=0 


Thus, 


n-l A n-ml-2 A 

E /) - E 

t-o 

OO n— 1 4 

- E E 

j=lA-l k=Q 

gives, by Cauchy integral formula, for n - mi - 1 < A: < n - 1, 


— f 

liri J(zl= 


^n-l,l,q{^') f) 


27ri Jizl^R 


I n— mi— 2 4 - 

V' f _£ 

27ri 


27ri yi2|=j 


J = z +1 ^*,-=0 
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Since -^dz is non zero only for k = k', the middle integral on the right hand side in 
above equation is zero. By the definition of and (3.2.1) we have for every n > no(e) 

and a constant AI, which need not be same at each occurrence 




ET- 

R^{p - 

1 

(p — 


Let e > 0 be so small that 


Thus, 


hence, 


{g,„{R) + £)• > :^ 




n . 


M V Ao,k 


N{n) 

pn(l-hm/) 


Now since n — ml — 1 < k < n — 1 we have, lim„_oo „ ~ ^ 




Since e is arbitrary, this yeilds 


9iM > 


for P- 


For the case 0 < i? < p, we write 

OO n — 1 A 

An-l,l,g{z] f) = 

fc=o ^0,fc 


ml—l / 


E ^l,k k 1 k , “^7, A; k 

-J-(^k+qlZ + ——ak^^iz + 2. L 
k—ml j— i-+-l A:=0 


OO n—l ^ 


whence, 


^ At 


E -^Uk k A / x^ -^l^k 

^k+ql^ f) X ^ ~I ^k-\-ql^ 

An L . , J\f\ U 


k=ml ^0»A: 

OO n—l A 

EE -^ 0 ‘k+q]Z'‘. 

_,=i+l fc=0 ^,k 


By Cauchy integral formula we have, for 0 < A: < mZ — 1, 

■^l,k 1 f An-l^l,q{z\ f) 

2m J\x\=R 2*^+1 
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^ ^ ^l,k! f j 

27ri Ao^e J\M=R ^ 

— — f 

27ri Jiz|=i2 


E” .« Er-i 


,A:' 


-(£<2. 


Using the same arguments as earlier, we then have, 

I Ai k I ^ Ti4-{.9l,m{R') "t" I /n ( -KT/ N ^ 

< M(a„(iJ)+€r + olw(n)- 

Let e > 0 be so small that 


(p — g^Tnn.(Z4-l) 

(p - < p~\ 


then. 


or. 


9l,m{R) + € > 


(S,,„(B) + e)” > - O 


^ml * 


Since e is arbitrary, this gives 


Pi,m(-R) > for 0 < it: < p 

pTTli 


which completes the proof. 
Since 


A„_i,;,g(z; /)=f:i: —^ak+gjZ^, 

j=l k=o -^0.* 


for i? = 0, that is if = 0 we have 


<» 4 „ 

j=l ^.0 

Now {k)o = 1, thus by the definition of A^,o = 1 and Ao,o = 1- Thus, 

oo 

f) ~ ^<?7 • 

j=i 

Consider the function 

_gc(i+l) I 


F{z) 


pc(i+i) \ _ (^z ! 
oo ^ 

_ y^^_^0+l)"i.n+e(Z+l) 

n=0 P 
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Note that for F{z), a^i = = 0. Which gives 

OO 

An-l,i,g(0; i^) = ^2 ^qj 

= of ^ 

Hence for i? = 0 

9l,m{R) < < ^• 

Whence 

Remark 3.2.1 For R = 0 Theorem 3.2.1 does not hold. 



For r = 1 


OO n— 1 

}=l it=0 

Hence 


Remark 3.2.2 For r = 1 Theorem 3.2.1 reduces to Theorem 5 [20]. 

Corollary 3-2.1 is analytic in an open domain containing l^j < 1 and 

9lm{R) = Ki,m{R,p) for some i? > 0,p > 1 then f E Ap. 

Proof Given that / is analytic in an open domain containing \z\ < 1. Hence f E 
for some p' > 1. Thus by Theorem 3.2.1 9i,m{R) = Ki,m{R-,p'), and from the hypothesis 
9i,m{R) = Kim{R, p)- That is K^AR^ P') = Ki,m{R, p) and hence p' = p which gives / G Ap. 

Remark 3.2.3 For r = l,c = 0 and m = 1 Theorem 3.2.1 reduces to Theorem 

2 . 1 . 2 . 

Next we consider the pointwise behavior of /). We shall prove not only that 

the sequence /) is bounded at most at ml points in l^j > but 

Theorem 3.2.2 Let f E Ap, p > 1 and I > 1. Then 


lim 1 An-i,i,<i( 2 , f) 


AAlm 


(0 
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for all but at most Im distinct points in\ z\> p . 


(ii) 


lim I /) 


ll/n- 


-dm 


for all but at most Im — 1 distinct points inO <\ z\< p . 
Proof : Let first \z\ = R> p. Consider 


OO n-1 A 


j=l fc=0 -^0,*+mZ 


Now since f G Ap and q = mn + c so 


OO A 

Z = O (N(n)(p - , 

Ao,k+ml ^ 


whence, 


OO J , \ 

jUk < lim to(n)(p-e)-<‘"”^“)) 

^ AoMml 


1/fc 


< 1 . 

Thus sequence (3.2.2) is convergent. Also from the expression of A„_i,/,,(z; /) and 
0n-i,z,?('2; /) it is clear that 


Thus, 


h{z) 


US’ I A„_i.i.,(z, /) p/"= lim 1 0„-i,z,,(z, /) p/" . 


= A„_M,,(z,/)-z''"0n.,,,(z,/) 

OO n-1 j ^ ^ 4 . 

A),k j^l fc=0 ^0>-hmZ 

n-1 


n-1 A OO n-1 A 

E ^l,k k , -^Jrk ^ k 

^ 2^ 2^ A ^^+(nm-hc)j‘2? 

jb=0 Jt=0 

n /I ^ 4 r , 

/m it k 

^ A ^k+{{n-^\)m+c)l^ ^ y ^ y ^ A ^ki~{{ni-l)mi-c)j^ 

k=:Q j=li-l k =0 

n-1 A n-fim a 

E -^Uk k ^ ^hk ^k i 

<^ib+(nm+c)i^ 2 Lf A T" 

it=0 k=lm 

OO n-1 A ^ 4 • I 1 

■*■ XI ~ X! ^ '<lfc+((n+-l)m+c)j2 

j=/+l fc=0 j=Z+l ifc=0 


( 3 . 2 . 2 ) 


(3.2.3) 
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^”^-1 4. , "-1 4 

E ^hk ^k , X'' ^l,k _ fc 

j ^i+(nm+c)Z'2 H" / . . ^fc+(nm+c)Z'2 

fc=0 i.=lm-^<k 


/ ^ 4 ^k+(nm-i-c)l^ / , 4 <^fc+(nm+c)Z'2' 

k=lm-^,k A),i: 

oo n— 1 4 oo n ^ 

j_ „ „fc „Zm \:^ ■^j,k+ml ^ 

+ Z_/ 2_/ 4 “fc+(n7n.+c)j-2 2 21/ ^ A (^k+{(nA-l)m-i-c)j^ 

j=l+l k=0 -^’k i.=o -^O.fc+mZ 

'v J 


p* j. -fc ^ ji 

k=Q A:=0 

oo n— 1 -- _ . 


+ 


oo n— 1 A oo n A 

+ E E - •"'” E E 

;=z+l fe=0 J=Z+1 fc=0 -^0,fc+mZ 

_ ■A/.Aj+n C^M(n\ ( I 1^"^ I 


+ 


Ll!! ]+o( LaC ' 

(p _ g)(H-(ZT-l)m)n J Up — 

. / -. 


_ Aj,fc+n _fc+„ /OAr/’^'l ^ I L^J 

r3.2.5l 


As in (2.3.8) and (2.3.9), by choosing e sufficiently small we can find rj a positive number 
such that 


1 

(p - e)"-'”* 


< 



(3.2.6) 


and 


I ■“ I ^ 

(p _ ^^(l+(Z+l)m)n — 

Thus from (3.2.5), (3.2.6) and (3.2.7) we have 



(3.2.7) 


'•(■') = - E 4^<«w«(uta).d4‘'^” + ow(’>) f prap - 

fc=,oA),fc \P / 

where 77 is a positive number. 

If we assume that in (i) equality does not hold at more than Im points say Im + 1 points 
then from Theorem 3.2.1 


Urn I A„-i,i,,( 2 rj, /) |^/"< ,i = 1, 2, • • • Zm + 1 


for 2i, Z2, 
Let 


, Zim+l with I 2 l 1, U 2 I, • • • , I Zlm+l l> P- 


lim I An-i, I, q{Zj,f) ~ ® ^ ° 
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that is 


I i< 

hence from (3.2.3) we have also that 

I 1 ^ f 




S + € 


71 -r 1 




5 + 6 


Vn > no(e) 


Vn > no(e) 


therefore 

I i = 1 /) - +©„,i,5(^j, /) i 




— 5 + 6 I 


\ n-f"l 


s + e 


hence 


that i§ 


is, I ^ ^ > 0 




Now from (3.2.8) 


Im 


E Ai ,k+n ^k-\-n 

^ ^k^n(l-\-lm)-rcl^j 

k=Q A),A:4-n 


= ON{n) y 
= /3j,„ (say) 




7/ -h{Zj) 


where from ( 3 . 2 . 9 ) for sufficiently large n and constant k > 1 


kiN(n) 




-m 


for M > 1 , 771 > 0 , ^' = 1 , 2 , • • • , im + 1 


from (3.2.10) 


A, 


^l,k+n 
k=Q -^,<:+n 




(3.2.9) 


(3.2.10) 


(3.2.11) 


(3.2.12) 


where | /3j,„ |< kiN{n) - 77 + for suficiently large n, fci > 1 , 771 > 0 and I <j < i 77 !-i-l. 
Solving system of equations (3.2.12) we have. Thus, 

A I rn+ l 

= E , 0<k<lm 

-rl0jfc4-n 



where matrix (cf^) ^ I < j < lm + 1, 0 < k <lm is inverse of coefficint matrix (zj), 

1 < j < Im + 1 , 0 < k < Im hence axe independent of n by which, from (3.2.11) we 
have 

y^\ l/(Zm-rl)n+A:-rd 


= (S cf ^;"A:iiV(n) - 7?^^ j 


(im-f 1 

E cfkiN{n) 


Vi 


l/(im-hl)nri-A:+*d 


pZm+1 


< Ihn k 2 N{n) 


Vi 


n\ l/(lm~rl)n-hk-i-cl 


plm-rl 


(3.2.13) 


where 

hence from (3.2.13) we have 


Im-rl 

h = ki{lm + 1) ^ cf^ > 1 , 0 < A: < Zm 
;=i 

i On - 

n—^oo p 


which contradicts that / G Ap. Hence our assumption that in (i) equality does not hold at 
more than Im points was wrong and thus 

Urn I A„_i,i,^(z, /) p^"= 


4 "^th 


for all but at most Im distinct points in | z |> p. 


In the proof of (ii), one can argue similarly using (3.2.4) 

— /t.l . / . I _^7 X ^ 

k=0 •^>fc+n 


lm~l A Im A 

^IMn k 


h(^Z^ — ^ > i ^k+{nm-^c)l^ ^ ^ ^k+n(l-rlm)+d^ “t" 

k=0 


oo ri-1 


oo n ^ 


-j,k-\-rril 


E E ~ E E - '— -^k+{ir^+l)rrt^c)jZ" 


7=(+l k 


^0 


Z_^ i 

J=l+l k=0 -^Oyk-tml 


for 1 z |< p, 

“ E '^^^^k+(nm-^c)M^ + ON{n) _ g^(/m+l)n‘ 


A,k 


+ 


+ 


/m-1 

i£o 




+ 


(p _ €)(Jm+l)n ' (p_g)na+l)m^ 


. (3.2.14) 



/4 


As in (2.3.21) and (3.2.22), by choosing e sufficiently small we cam find 77 a positive number 
such that 


< 


(p _ g)(JOT+l)n — \f^rn 


and 


< 


Thus from (3.2.14), (3.2.15) and (3.2.16) we have 


'n 


lm~~l 


= E + ON{n) — - 77 

fc=0 ^0,k \K ) 


(3.2.15) 


(3.2.16) 


(3.2.17) 


where 77 is a positive niunber. 

If we assume that in (ii) equality does not hold at more than lm — 1 points say Im points 
then 


Jim I |V“< 


'dm 


j = 1 , 2 , • • • , Z7n 


for zi, zim. with | -Zi |, | .^2 i |< P- By the similar arguments as for the case 

|z|>p 

lim I h{Zj) p/”< -E. j = 1,2, 

n-^oo ' ^ J' ^ pirn 

Now from (3.2.17) 


lm—1 


E -f-^k+nim+dZ^ = ON{n) - »7 - 

fc =0 \P / 

= (say) 


(3.2.18) 


where, as for case (i) 


0,,n\<krNin) 


(3.2.19) 


for sufficiently large n, ki > 1 ,t]i > 0 and 1 < f < Im. Solving this system of equations 
(3.2.18) as earlier 

■^l,k (k) a 

Ao,jk 




where c* are appropiate constants independent of n. Hence from (3.2.19) 

Tto I cii„M 


S cfhN[n) j j 


1 /k-^nlm+cl 



ri' 


l/k-j-nlm-hcl 


where k 2 = EJ=i >1, 0 < A: < Zm - 1 

thus 

hE" I On - 

7X-^CO P 

which contradicts that / G Ap. Hence 

iHSi I /) I ^ 

for all but at most Im—l distinct points in 0 <| 2 |< p. 

Remark 3.2.4 For r = 1 Theorem 3.2.2 reduces to corollary 3 of Theorem 7 [20]. 

Remark 3.2.5 For r = 1, c = 0 and m = 1 Theorem 3.2.2 reduces to Theorem 2.1.3. 


From Theorem 3.2.1 and Theorem 3.2.2 we have 


1^ I /) 




for at most Im distinct points in | 2 |> p. That is in \z\ > 

Tto |A„_,j,,(z;/) B>1 


for at most Im distinct points. In other words we can say that 


Remark 3.2.6 Let / € Ap, p > 1 and Z > 1 then the sequence {A„_i,j,p( 2 ; /)}^i can 
be boxmded at most at Im distinct points in l^j > 

Corollary 3.2.2 If f is analytic on \z\ < 1 and if An-i,i,q{z', f) is uniformly 
bounded in every closed subdomain 0 / I 2 I < then f is analytic in \z\ < p. 


Proof If / is analytic on \z\ < 1. Let / 6 Apj, then from Theorem 3.2.1, g^m = 
Ki^rn{R^ P\)- Thus, by above Remark 3.2.6 f)}^=i can be bounded at most at 

Im distinct points in \z\ > Pi^'*'*'". Also it is given that A„_i,(,,( 2 ; /) is uniformly bounded 
in every closed subdomain of I 2 I < Hence pi < p is not possible. That is pi > p 

which gives that / is analytic in | 2 | < p. 
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3.3 The object of this note is to consider roots of in place of roots of unity, where 
jal < p. That is to study the polynomials a, /) which minimizes 

(3.3.1) 

£/=:0 k=Q 

over all polynomials Q„_i € Iln-i, where = a®. 


Lemma 3.3.1 If f{z) = ^ unique polynomial ol\ /) which 

minimizes (3.3.1) over all polynomials Qn-i ^ n„_i, is given by 


n-l 

Pn— ^5 f') ^ y Cj(^Oi)Z 

J=0 


where 


and 




1 CO 

^ ^ (^)®j+Ag^ ^5 J 0, 1, . . . , U 1 




1 — 1 




t=0 


where (jf), = - 1), . . . , (i - i + 1) and (j)o = 1. 


(3.3.2) 


(3.3.3) 


Before giving the proof of Lemma 3.3.1 we state and prove Lemma 3.3.2. 

Let /o, /i, - . . , /r-i be given functions in Ap and let {pi,j}’)Io {v = 0, 1, — 1) be 

given real numbers. To each set of n numbers {p^j})Iq we define an operator on the 
space of polynomials of degree n — 1 such that if 

n-l n-l 

Qn-l{z) = Y) C,z\ then C^{Qn-l{z)) = ^ 

1=0 1=0 

We now first find the polynomial Pn-i,r{z, a) which nainimizes 


\C.Qn-i{auj^) - A(«a;")P, = 1 (3-3.4) 

v=0 k=0 

over all polynomials Qn-i S n„_i. Let the polynomial interpolating fu{z) on the q roots of 
q3 be denoted by Lq-i{z\a\fJ). We set 


9-1 


Lq-\{z\ a\ /„) = Y. 

j=0 


V = 0, 1, . . . ,r - 1 


(3.3.5) 


where depends upon fu and its value on q roots of a^. We shall prove 



Lemma 3.3.2 The unique polynomial Pn-ur{z, cc; /) which minimizes 
given by 

n— 1 


Pn-iA^, a-J) = Y, 

j=0 


where 


j = 0, 1, - • - , n - 1. 

u—0 Vi/=0 J 

Proof : Observe that oe using (3.3.5), we have 


n-l 


9-1 


where we have set 


By using the fact 


it follows that 




= IEw'-E4’Vi^ 

j=0 ^=0 

J==0 

Sula-Pi'J^V 0<j<n-l 

g(9) 


1 9-1 

y k=Q 


< J 9 ~ 1 

1 if p = sg, s > 0 
0 if p ^ sg, s > 0 


'^IC^Qniaw^) - fAaw’^)^ = ^ 

A:=0 Ar=0 J=0 

fc=0 j=0 1=0 

g-1 9-1 

A:-0;=0 

;=0 


If we put 


Cj — PjC-*, j 0, l,...,n. 1 

«?].a = j = 0, 1, . . . , g - 1; u = 0, 1, . . . , r - 1 


then from (3.3.7), it follows that 


M.,/ 


p2^ + - 2p^jPj<T^j,aCOs{ej - <^^j.a), J = 0, 1, . . . , n 

jf = n, . . . , g - 


uj,ai 


(3.34) is 


(3.3.6) 


(3.3.7) 


(3.3.8) 

(3.3.9) 

- 1 

1 . 



j js the problem (3.3.4) reduces to finding the minimum of the following 

Pi/j (3.3.10) 

, - C-, runs over the reals and 0 < < 27r. Differentiating (3.3.10) with respect to pj 

r! .s get the following system of equations to determine Pj and $j : 


n— 1 


idi:NV,P? + EHV,,.- 2 E 

£/=0 i J =0 J =0 J =0 


P] ^2i,=0 Py,j,a} — 0 

Si/=oPj'J^t',J,aSiu.(0j — <f>u,j,a) — 0, 

'■ »p ihasr equations we have 


(3.3.11) 


r-l 


P} = 0 


1^=0 




r—l 


z/=0 


i /=0 


Cj - 12P^J^ula = 0 

i /=0 


r-l 

Ej 

l/znQ 


„(?) 


-h 'jves :;lie result. 


■' •!< iVima 3.3.1 : From (3.3.4) it follows that (3.3.1) reduces to 

uj^ = l 

u—Ok—Q ;=0 

■V = 0, 1, . . . ,r — 1. The result now follows from Lemma 3.3.2 on 


P-'j = 2 / = 0, 1, . . . , r - 1, i = 0, 1, . . . , n - 1. 


/ 6 Ap, we have 

h {t - 2)''+! 

r is the circle \t\ = R < p such that jo'l < ij . Then 
M f 


/.w = .v«w = |.X 


dt 


Mocu )- 2^i I (t_ - 1- 


i,‘Iow if 


9{oiU}) = 




{t — (aw*))''^^ 


dt, 


w’ = 1. 



< Zf 


then by Hermite interpolating formula we have 


r r \ 1 r 

Lq-li^Z^OL^ gj = ^ : / 




2 x 1 Jv (t — yY'^^ {y — z){y^ — ofl) 
where F' : |yl = jR' < i2 where R' is such that |a| < El . 


dy 


Lg-iiz.a, g) 


1 / i> 

iTvi Jv (t — 


v\y‘' 


y^-z^ 


2xi Jv {t — yY^^ {y — z){y^ — a9) 
u\y'' y' 


dy 


-Residue 


{t-yY+^ (y_2)(y«_Q?) 


■>y = 't . 




,\yl' 

.(y — fY+^ Ifl Z 

ul y-*t \dy‘' ^ {t - (y - 2 )(y« - a?) ^ 


= (- 1 ) 


£>'4‘2 


d‘' ( 


dt‘' \{t - z){P - a<i) 

g-1 / J£/ k\ 


Thus, 


Vi(2; a; /J = /(<) ^ ( 


-ofi 



z^ > dt. 


Also 


! 

^ ’ dt'' \1fl-ofl , 


d’' 






A=0 

~ d'' 


^Xq 


^ ^ ^ dt'' 


A=0 

DO 


A=0 

(-Ag + 1/ - i - 1 - 1) - - - 
(-Ag + i/ — y-l-i/ + 

oo 

= ^a'*'®(Ag- y +y + l)(Ag - i/ H-y +2) . . . 

A=0 


A=0 




A=0 


(i + Agj^g*^-^ 

^(A+l)<j 


Thus 


where 


L,_i(z;q:; 




— 2-/ t(A+l)? 


A=0 



5U 


Hence 


q— 1 OQ 

Lq-l{z\ a\ fj) = YiJ + 

j=0 A=0 


^S.a = SO' + Ag)^a^«aj+;^,. 


Whence 


/- \ _ S:/=oO)k Sa=oO ^(i)v0^^'^0'j+\q 
^ Y.7^{3U3)u 

1 c» 

= ■ ; , s s j = 0, 1, - - • , ^ - 1, 

^,j7) A=0 


where 


^xj{r) = S0)*0 + 0)* = ^’0 - 1), • - ■ , 0 - i + 1)- 


giving the required result. 


Now let a,/3GDp be two arbitrary points, and let f G Ap. Further, we assume 


q = nm + c, m- > 1, 0 < c < m, 


s = lq+p, l>l,ri<p/n<l; p/n = rj + C>(-), 

n 


t = bs + d, b>l,r 2 < d/n < 1; d/n = r 2 + 0(— ), 

n 

where p and d are some integers, and ri, r 2 G [0, 1) eire given constants. 
Let Pn-i,r{z, a, f) is the polynomial which minimizes 


r-1 q-1 




t-=0 k=0 


over all polynomials Qn~i € n„_i. 

Similarly let Ps_i,r ( 2 , ,/?,/) is the polynomial which minimizes 




t,=0 k=0 


over all polynomials Qg-i € IT,-! 
Let us denote 


An- 1 ,. ,r0; /) = ■Pn-l.rO, /) “ Pn-l,r0, O' P,-l,l{z, /3; /)) 



and 


9a AR) = 


then 


R^a,AR“> p) — 


max If l”^if TS If if 0 < |z| < p 

max (If r'lf I, If I) if k| > p 


Theorem 3.3.1 If t = tn = sb + d,d = dn = Ton + 0{1),0 < r 2 < l,s = s„ = 

Iq + p,p = Pn = riu + 0(1), 0 < Ti < l,q = Qn = mn + c,0 < c < m and for each 
a,0 £Dp if \a/p\^^ ^ |^/p|Gm+rOHrj rT^:^0 if |a/p|"^(^+l) ^ / pfrn+r,)lH-r2 

for each f £ Ap 

9aAR) — KaAR^P)i i? > 0. 

Note that for r = 1, g = n, t = s, 


P„_i,r(2, a; /) = Lr,-i{z, a; /) 

arid 

Ps-hi{z,0]f) = Ls-i{z,(3-,f). 

Remark 3.3.1 For the special case r = l,g = n,< = s Theorem 3.3.1 reduces to 
Theorem 3.1.4. 

Next, for a = 1, ,5 = 0, p = 0, t = s 


Pn—l,ri^-> f') Pji— l,r(-2'; f') 


and 




Thus 


P„_l,r(2,Ps-l,l(z,/i; /)) = P„_i,r(Pi5-l(z,/)) 

and from (3.1.1) we have 


-1 /-I 


/)) = E E 

jt=0;=0 


Thus, 


Remark 3.3.2 
to Theorem 3.2.1. 


For the special case Q: = l,;d = 0,p = 0,* = s Theorem 3.3.1 reduces 





Proof : Here and after we consider Aj,* = A^,A:(r). Since for r 1 Aj^k f- from 

(3.3.2) and (3.3.3) 

00 S— 1 

J=0 jb=0 

S~1 ^ 

= dfcjz*', where dfc = 52 ^ 

h=0 

iq+p-l 

= ^ dkz’^ 

k=0 

J=0 fc=0 *'=0 


hence 


P„^,,,(z,a;P.-i,,(^.^-./)) = (§S S'**'’ 


i-l 9-1 


^ ^ Aryl. 
j=0 fc=0 

1-1 n-1 4 , 00 


J=0 ib— 0 1=0 

Jt=0 1=0 


also from (3.3.2) 




;=0 Jk=0 


this together with (3.3.20) gives 


A“fi,3.r(-2; /) = 


(3.3.20) 


(3.3.21) 


where 


+ Er=o for 0 < A; < pn - 1 

- E~o E;=o + ^r=o 

for Pn < A: < n - 1 

E~ 0 

for 0 < A: < Pn ~ 1 

sr-o 

for p„ < A: < n — 1 
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for 0 < A: < p„ - 1 let e > 0 be too small that 

(,/(p - I^r. >-'} < 




Thus, 


^ <77 V' _ fJi] _ 

- E - E E 


- > iik+t+q]H Z-^/L^ A^, “«= • “-TV-' 

^ Ao,ik t=2 j=0 

= E “ 

,3^1^.* "‘O'* 

7 ^ oo I A , 

E ^a»««/3‘a« - EE 

^ -Ao.fc 1=2 J=0 

^0,it 


( l^l!H!_ 1 __}£!!L_^ 

+ON{n) _ g)«(z+2)+fc (p - e)''+*+« (p - / 

= ^iih^a,^,^M■,a■^^•*'^‘ -a,»0 + p-'-0{N(fl){aA,r) ( 3 . 3 . 22 ) 

*4-0, fc 

where 0 < <t < 1 and N{n) is quantity dependent of n such that 
limn-^oo(.A^(^))^^" = 1’ further N{n) may not be same at each occurence. 

Similarly for p„ < A: < n - 1 let e > 0 be so small that 

M(P - 0))-- (,^r<->. < 


I® jmi |^j(imrri)fe+r2 I _ y^.,. 


Thus, 


Dk,n = 

pO -Ao.A: x=0 j=0 






_|^W«’'-EE^WV 



54 


aki-t+qjP 

j=l -^.A: t =2 j =0 

Al^k 
A),Jfe 


O-k+qlOi^^ — <ljfc+t/3‘ + 




2 t 


A),jfc 


(p _ e) 9 (/+i)+fc ^ (p _ e)A:+i+? (p - ^ 

- ak+,3^ + p-’‘0{Nin){<TA2r) 


( 3 . 3 . 23 ) 


heace 


fc =0 

-0^’^ak^t.z'‘ + Rn{z) 
k^O 




where 


Pn~l n-1 

R^{z) = O ( N{n)a^Ml j] k/pl'^ + N{n)a^A^ Y, \^/p\ 

jt =0 fe=p» 


= < 


O (iV’(n)((Tmaa;(Ai + A2l^;/pr0)") kl < P 

O (N{n){crmax{Ai\z/p\'^'^ +A2|2/pi))”) if kl > P 


hence 


' ON{n) (l,^l’<'«> + + l(J? 3 l') + 

if 0 < l^l < p 

Ai^.A-. f) = { (li^r"«>l5S5r + i5?5l*'l(P5l” + I 

+ Rni^) 


I (p-e) 

if \z\ > P 


on taking n^'* root which yields 


lim max jA^fj ^ Kaj{R, P - e) 

n—oo |;l=ii 


since e is arbitrarily small hence 


gas { R )< Kc . AR ^ p )- 


For the opposite inequaUty to show that QaA^) ^ KaA^^P)- 
Now from ( 3 . 3.5 ) with Caushi’s formula we have 


D — ^ [ ^AzhEA^lUdz 
M i|4.» 
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and therefore 


mOkA < max|A;f,,„(2;/)|. 

z =it 


u \ /V ^ 


(3.3.24) 


Now k+Qnl — k+nrdn+lc and k+t = k+bs+d = k+{lq+p)b+d = A:+(Z(mn+c)+p)6+d = 
k + Imbn + Icb + pb + d. It is clear that there exists an integer C > 0 such that for 
n — C<k<n — 1, the sequences {k + q^l} and {A: + takes all positive integer values 
Since < n — C for sufficiently large n and ^ jlj(Zm.-ri)iH-r 2 ^ hence from (3.3.23) 


lim { max 

n-^oo ^n-C<k<n-l 


\DkAYi’' = 


1 

(P-^) 


Tinax{\ 


Q irrU 

ip-^y ’ 


(p- e) 


|(Zm.+ri)64-r2^ 


with (3.3.24) which gives 


< y (jj). (3.3.25) 

(P - e) (p - e) (p - e) 

Similarly we can choose C > 0 such that the sequences {k + q„Z} and {A: + f„} assumes all 
positive integer values for < A: < p„ + C and p„ + C < n for sufficiently large n, hence 
from (3.3.23), 


lim{ max 

Pn<*^n+C 


\DtAY'' 


1 ,, a 

max{ 


\ml 


3 


(P - 


\{lm-^ri)}>Tr2\ 


iP-ey ^'(p-ey 


hence from (3.3.24) 

1^:?— < 9.AR)- (3-3.26) 

' (p - e) ' (p - e) (p - e) 

For the case rj = 0 from (3.3.25) and (3.3.26) we have 


Pap(i2) > KaA^^ (p - e))- 


Let now ri > 0. As A: + t„ = k + lmn + lc+p + d and k + qn{l + l) = A: + m(Z-f- l)n-f(Z-i-l)c. 
choose C > 0 such that {A:+t„} and {k+qn{l + l)} for 0 < A; < C assume all positive integer 
values. But for n sufficiently large, we have C < p„, and since |2|">’6+i) ^ 
from (3.3.22) we have 


lim { max |D*, = niasc(| 


a 


n~^oo Q^k<C 


(p-€) 


jm(i-f'l) 


13 


(p-e) 


j(/md-n)6+r2^ 


This together with (3.3.24) gives 

< 9<.AR)- 

(p-e) (p-e) 


(3.3.27) 
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Similarly if C > 0 is such that the sequence {fc+in} and {fc+q^C^+l)} forpn-C* < k <Pn-l 
assumes all positive integer values, from (3.3.22) we obtain 

liE'{ max = 

V-c<A:<p„-i ' (p-e)’-i (p-e) (p-e)' 

This together with (3.3.24) gives 


^ in n 
'^maa5(l 


^ 9C.AR)- 


(3.3.28) 


'(p-6)‘ ’'(p-e) 

From (3.3.25), (3.3.26), (3.3.27) and (3.3.28) it follows that for 0 < ri < 1, 0 < ra < 1, for 
0 < R < p we have 


max 


“ 'mG+l) I .. |n| ^ 1 mi I . / ..._|M+n)i>+r 2 | < 


'(p-e)' ’'(p-e)' '(p-e)' ”(p-e) 

and for i? > p we have 


R 


a 


Imax ■ 


\ml 


(p-e)' [ (p-e) ’ (p-e) 

Since e is arbitrary small we have 


|(mi+n)fH-r3| for _R>p. 


Kcc^piRi P) — 9a,3{^) 


which completes the proof. 



Chapter 4 


WALSH OVERCONVERGENCE USING 
AVERAGES OF LEAST SQUARE 
APPROXIMATING POLYNOMIALS 


4.1 Let Ap{l < p < oo) be the class of functions f{z)^ analytic in |z| < p and having 
a singularity on the circle \z\ = p. L. Yuanren [25] and M.P.Stojanova [50] generalised 
Theorem 1.1.1, an extension of Walsh’s theorem, by considering Dp = {z €. C; \z\ < 
p}, Fp = {^ G C; \z\ = p}. That is Ap denote the set of all functions f{z) which are 
analytic in Dp but not on Fp. Let a,l3 E Dp and for any positive integer s and n{s > n) let 
Ln-i{z, a; /) and Ls-i{z , /) denote the Lagrange interpolants of / in the zeros of z" — a’’ 
and z® — yd® respectively. With above notations L. Yuanren [25] proved 

Theorem 4.1.1 [25] 7/s = s„ = Zn. + p,p =p„ = rin + C>(1),0 < ri < l,p > 0 then 

for each f E Ap and for each a,dE Dp, we have 

Um|Ajf(z;/)|'/" = 0, V W < r, 

where 

f) = L„-i(z,a; /) - Lr,-i{z, a, Ls-i{z, d; /)) 

and 

T = p/m.ax{\a/p\^, |d/p|'^’'‘}. 

More precisely for any R with p < R < oo, we have 

Um{niax|A"f(z;/)i^''”} < R/r. 

n— +00 2iirDo 





When a — 1, /3 = 0 and s = Zn, the above result yields a result of Cavaretta et al [12], 
which itself is a generalisation of a theorem of Walsh [58, p. 153]. 

M.P.Stojanova [50] obtained more precise theorem for the diff erence A°’^ : 

Theorem 4.1.2 [50] With the hypothesis of Theorem |a/p|* ^ 

and for ri ^ 0 if \a/ ^ l^/pp'*’’'*, then 

lm{max|A«f(i:i/)|V“} = ir,(iJ), E>0, 

\z\^K 


where 


K,iR) = 


(R/p)maxHa/pf, 


for R> p 


max{\a/p\^'^^, \cii/p\‘{R/pY\ \^/pf^''^} for 0 < R < p 


As a particular case a = 1,^ = 0 and s„ = In, Theorem 4.1.2 reduces to Theorem 

2 . 1 . 2 . 

In this chapter we extend a few results of Chapter 2 by considering average of least 
square approximating polynomials. Motivated by Cavaretta et al [10] in section 4.2 and 
4.3 we give two Lemmas and two theorems extending the result of Theorem 2.2.1 and 
Theorem 2.3.2. In section 4.4 and 4.5 motivated by the work of M.P.Stojanova [50] roots 
of q” are considered , where |q:| < p and Theorem 4.3.1 is generalised. 


For positive integers m and n set 




(4.2.1) 


for A: = 0, . . . , n — 1 and s = 0, . . . , m — 1. It is clear that is an mn^^ root of unity. Also, 
every such root is given by Wj,*, for a unique pair (s, k) satisfying 0 < s < m; 0 < k < n-1. 
In addition, Qs ■= {^s,kT is a root of unity for A; = 0, . . . , n — 1. Let f G Ap and 


Gn-l.r(^;/) = -E^?n-v(^;/) 


(4.2.2) 


where for each s = 0, . . . , m - 1 , f) is polynomial of degree n-1 which minimizes 


r-l n— 1 




(/=0 fc=0 


(4.2.3) 
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where r is a fixed integer and are given by (4.2.1), over all polynomials Q„_i of degree 
< n — 1. 


In this section we determine explicit expression for the polynomial /) for which 

first we find expression for f). 


Lemma 4.2.1 If f[z) = ^ unique polynomial /) which 

minimizes (4.2.2) over all polynomials Q„_i G n„_i, is given by 


n-l 


J=0 


(4.2.4) 


where 


and 


= ■ - ^ Bx,j (r)0^a^+An, i = 0, 1, . . . , n - 1 




r— 1 


Sj^M=Ey).0 + An)., 


1=0 


where {j% = j{j - 1), . . . , (j - i + 1) and {j)o = 1. 


Before giving the proof of Lemma 4.2.1 we state and prove Lemma 4.2.2. 

Let /o, /i, . - . , fr-i be given functions in Ap and let {pyj}’)Zo (j^ = 0, 1, r - 1) be 

given real numbers. To each set of n numbers {pi,j}')Zo define an operator on the 
space of polynomials of degree n — 1 such that if 

n— 1 n— 1 

Qn-i(z) = then C^{Qn-i{z)) = c,Pu,zZ'. 

1=0 1=0 

We now first find the polynomial /) which minimizes 

r-l n-l 

Y Y \BuQn-\{Ws,k) - /^(Ws,/t)|^, (4.2.5) 

i /=0 A :=0 

over all polynomials Qn-i G n„_i. Let the polynomial interpolating fu{z) on -d be 

denoted by L'^-i^siz'i fu) . We set 

A) = £ i/ = 0,l,...,r-l (4.2.6) 

j=0 

where depends upon and its value on {t«^s.ifc}fc=d- We shall prove 



Lemma 4.2.2 The unique polynomial which minimizes 

given by 


n— 1 


;=0 


where 


Proof : 


u~Q Vi/=0 J 

Observe that on using (4.2.6), we have 


^=0 j=0 

= ieW^-'-Sk^p 

;=0 

J=0 


where we have set 




Now for j pn p > 0, 


n— 1 

E 

A:=0 


n-l 


o;' 


s,k 


E i2i 
gmn 


(An7l+S)j 


A :=0 


= 6”'^' 


ix*. 1 “ 
^ J . 


_ 2 ' w * ^ .. 

1 — C'"'* 




0 . 


For j = pn p > 0, 

n— 1 n— 1 

JL^ik ■ 


fc =0 


it=0 

2xt 




= C’”” 


s ; 


e ^ 




Thus by using the fact 


n-l 

k^O 


ne^*-^ if j = pn,p > 0 
0 if i 7^ P^^P ^ 0 


(4-2.5) is 


(4.2.7) 


(4.2.8) 


(4.2.9) 



it follows that 


n-l 




k=0 


ErE45<.P 

Jt=0 7=0 

E(E 

h=Q 7=0 

nEl^’p. 

;=0 


1=0 


(4.2.10) 


If we put 




i = 0, 1, . . . , n - 1 


(4.2.11) 


^ j = 0,1,..., n-l; y = 0, 1, . . . , r - 1 j 
then from (4.2.8), it follows that 

= al^ - 

+ p]p% 

= + cr^,y - 2p,,,jpje„jCos{9y - 9 ^,_,), j = 0, 1, . . . , n - 1 

Thus from (4.2.10), the problem (4.2.5) reduces to finding the minimum of the following 

n—l n— 1 


E kp%P^ + E - 2 - <j) 

u —0 (^ 7=0 7=0 7=0 


(4.2.12) 


where Pj runs over the reals and 0 < 9j < 27r. Differentiating (4.2.12) with respect to pj 
and 9j we get the following system of equations to determine pj and 9j : 

2pj EZoiPi'j)' - EZo 2p^,jor^jcos(0j - <_,) = 0 


or, 


^U:=Q ~~ ~ 

adding these equations we have 


(4,2.13) 


r-l 


P; = 0 



or 


hence, 


which gives 


and hence the result. 




<^} E(p<'j)^ - Ep^'j^S = 0 


= EP‘'j^S/(E(P‘'j)“)’ 


proof of Lemma 4.2.1 : Prom (4.2.4) it follows that (4.2.3) reduces to 

z /=0 A :=0 j =0 

where fv{z) = z" f^'''^{z),v = 0, 1, . . . ,i — 1. Thus from Lemma 4.2.2 

Pv,] ~ (l)t') ^ 0, 1, . . . , r 1, j 0, 1, . . . , Ti 1. 


Since / E An, we have 


Mz) = 

^ ' J v / 2m {t- 


where F is the circle ]f| = iJ, l<i2<p. Then 


fuM - 


id. f 

iTri Jr {t - 


Now since 




where O* := {uJs,k)^ is a m}^ root of unity for ^- = 0, . . . , n — 1. Hence if 




i^K<^s,kY 


then by Hermite interpolating formula we have 


Ln-u(^''S) 2m Lit - 


yTi _ 


(t-y)-+l (y-z)(y--Q,) 


where T : |y| =-R,l<B! <R. 


y" — z" 


Ln-iA^^ 9) 2m Jv {t - y)*'-^-! (y - z) (y” - Cl,) 



—residue 


v\y'‘ 


y" - z" 


Xt-yY^^ {y - z){y^ - 9.s) 


,y = i 




y" - z^ 


I fd’' , 

ui'^\dy‘'^^ ^ (t-yY^Hy-^Ky^-^s) 

= ( ( t-(r-z-) \ 

’ dt‘' \{t - z){t^ - Qs) J 


(-irE 

k=0 


n — 1 / ^z/+n— 


{t^ — Qs) y 


Thus, 




n -1 


7 — 1 

^ i t" - 



Also 


Jt/ / fn+i^-j-V 

bra 


JV f 00 qX^-j-1' 

= {-ir^ 


Va=o 
“ d" 


fXn 




A=0 

00 


A==0 

(-An + z/ - j - 1 - 1) . . - 


Thus 


(-An + z/-i-l-i/ + 

00 

= fl;^(An — 1 / +j + 1) (An — J + 2) 

A=0 

(An+i)r^"-^-' 

00 

A=0 


K-,Mh) = 5^X,^W(EE0' + An),n;t'‘”-'-V)* 

n -1 00 1 r 

= E Ew + L 


7=0 A=0 
n -1 00 

= E E(-? An)t,f2gaj+A7ib. 
;=0 A=0 


Hence 


Whence 


00 


&1*] = E(-^ ■*■ 

A=0 


J.S) ^ 


E:-J,(J% EtoU + An),n^ay+An 
EZoUUjY 







j = 0, 1, 


where 


r-l 


-SAj(r) = X^(i),0‘ + An),, (j), = j{j -l),...,{j -i + 1). 

1=0 

giving the required result. 

Thus from (4.2.2) 

1 m-1 

G„-iA^;f) = - E /) 

^ 5=0 

m— In—l 


I m— in—i -I oo 

-EE E Sa., (r)ai+A.n‘A: 

s=0 ;=0 -^OjV ) X=Q 




n-1 *1 oo *j 


fr'o Bo,j{r) 


m 


5=0 


Now 


n\A 


n; = (Ka)“) 


= e 


^sA 


hence 


Thus, 


_ I 1 if X=pm 
^ s=o I 0 otherwise. 


n~l oo 


5o,,(r) f7o' 

Now for each A > 0 define 

Gn-l,r,xi^'y /) = E jg A = 0, 1, . . . 

j=0 


and 


Hence by definition 


1—1 


Gn-l^TyXi^] /) "^ "T Xy /)’ A — 0, 1, 


m 


5=0 


m-1 


Gn-l,r,x{^'i /) ■“ ” E ^n-l,r,A('^; /) 

s=0 


1 m-1 n-1 

= rEE 


B^A') 

BtAr) 


^j-tXrS^s ^ 






E^W^Eni, 


m— 1 


5=0 


(4.2.14) 

(4.2.15) 


(4.2.16) 



yD 


which is non-zero only when A is multiple of m (from (4.2.14) ). Thus, for Z > 1 if 


i-i 


©n-l,r,Z,m('2^; /) ~~ Gn^l^r{z] /) ”“ f) 


A=0 


and 0 is the least positive integer such that 0m >1-1 then, 


/3-1 


Qn~-l,r,/,m(^} /) “ G^n-l,r(‘2^5 /) /)• 


A=0 

Thus, from (4.2.15) and (4,2.16) we have 

/0-1 

©n-l,r,Z,m('2^5 /) ~ G^n-l,r(-2^) /) G^n-l,r,Am(-2^5 /) 

A=0 

§a5 ^o.(r) 

^ ^ Bxm,j (^) , 

S.,(r) 

— V' 

— D. ^:+>^ranZ - 


j=0A=;8 -SojC?") 


4.3 In this section we give exact estimates of the sequence 
{0n-i,r,i,m(.2; /)} and study its pointwise behaviour. If we set 


q0,m{R) = jim /) 

and 

if P 

if 0 < i? < p 

Then, 

Theorem 4.3.1 If f ^ -A-pJ a positive integer and 3 is the least positive integer 
such that /3m >1 — 1 and R > 0 then 


Rppn{Ri P) 


oi+^rn 


1 

~p^ 


p)* 


Proof : Since f £ Ap ,v/e have 


Ok = 0{p - e) 


(4.3.1) 



for every e satisfying 0 < e < p — 1 and k > A:o(e). Let R be fixed, \ z \= R and if i? < p 
then we assume e > 0 so small that i? < p — e be satisfied as well. Then by the definition 
of /) and Lemma 3.2.1 for q = mn and Z = /?' we obtain 


OO n -1 D 


( 00 n — 1 -Q 


'jnijk 


/ 00 n -1 

O EE 


Sri W.(*: + jmn). 


V-JW Edw.(*). 

ofEEW.M^E p --m^'' 

[p - e; 


'1 


\^=o 1=0 

= o(EEW.W‘w.(p-f)' 

\/k=0 J=0 > 

= f E ■’'0»(p - 

\/fc=0 1=0 / 


1-fc 


= o 


I for « s /> 

1 for 


0 < i? < p, 


where N{n) is a quantity dependent on n with iimn^oo(iV’(n))^/" = 1. Thus 

R 

lim max|0„_i,r,z,m(-z;/)P^" < 7 — 

”■-*00 U =H 


(p_e)i+^m’ 

1 

(p — e)^"* 


if 


R>P 


0 < R< p. 


Being e > 0 arbitrary small this gives 
Hm max|0„-i,r,i,mfy;/)P^" < 


R 


n->oo \2\z=R 




if 


< 


p0” 


if 


R>p 


0 < R< p. 


To prove the opposite inequality let first R^ p-, then 


00 n -1 Q 


0n-l,r,/,m('2^; /) — X] X/ n ' (^k-\rjmn^ 

j=/3fc=0 ^0,k 

n— 2 r% n— 1 

E ^fSm,k^ ^ sr 

Q ^k-hl3mn^ » „ 

^=,0 k=n-Pm-l 


B^m,k k, 

^k-j-fimn^ ‘ 


OO n -1 


^ v-> -^jm,k _ k 

"b 2-> n ^k+jmnZ . 

^=^+-l*=0 



Thus, 


VI 


71—1 

E 


B. 


I3m^k 


n— /3m~2 ^ 


5n ~ *9n-l,r,2,m(-2; /) — ^ Ufe+ffmn-Z^ 

k~n—/Sm~-'l ^5^ L_n -^0 


/b=0 -^0,^; 


oo n~l 


2^ T3 0,k+}mnZ 
j=0+lk=Q ^0,k 

gives, by Cauchy iutegral formula, for n - /3m - l<A:<n-l, 


^/3m,k 


^0,k 


-<^k+l3v 


= — / 

27ri J|2|=j? 




y/:+l 




-I n— /3m— 2 d 
i i:>/3m,A/ ^ 

/ V x> ^k^-h^mn 


/b'Co 

--/ 

27ri 3 |zI=r 


/ 

ib!= 


2:|=i2 Z- 


ir+1 


dz 


E oo Y^n -1 




/A;+l 


Since '^dz is non zero only for k — k', the middle integral on the right hand side 
in above equation is zero. Then by the definition of q^^miR) and (4.3.1) we have for every 
n > no(e) and a constant M, which need not be same at each occurrence 

i?" V 




' Bo,k 

< M 

Let e > 0 be so small that 


{g0,m{R) + e)"’ 


+ O N{n) 


Rkf^p _ g)n^(^+l)mn^ 
1 \ 


Thus, 


hence, 


(9;3,m(-H) + e)” > 


(p — <; p-(l+0”»)_ 


M V' 


^k+0mn 1 ^ 




k-j-pm 

9/3,m(-R) + e > 


B^m,k R^ \ " 
Bo,k M J 


Now since n - I3m - l<A:<n-lwe have, lim„_oo ^ = 1 and so 


Since e is arbitrary, this yeilds 


q0,m{R) + e > ^ 1 +^^- 


R 


Qp,miR) > pl+0m 


for R'> p- 



For the ceise 0 < iJ < p, we write 


oo n -1 D 


;=i ib =0 
1 


zL^ p I 2-/ r> ^k-\-^mn^ “t“ 


^rrijk 

3o 

OO n— 1 


n— 1 o 

Jt>R 


fc=o 


^0,fc 


E 

_;=^+lJb=0 -“O.*: 


„ „fc 


whence, 


/ 3 m - 1 p 
fc=0 


"-' S, 


ak+PmnZ’‘ = ©n-l,r,/,m(- 2 ; /) - E 


k=^m 


■So, 4 


OO n— 1 ^ 


p *^A:+jmn 

;=/?4-lA:=:0 


^Ar+jTTfTi-*' • 


By Cauchy integral formula we have, for 0 < A: < 0m — 1, 


^0m,k 

Bo,k 


O>k+0v 


27ri J\z\=R 2*+^ 


1 


-— E 

kf=pm 


2-Ki So.fc' 


^k^-i-/3mn 


[ 

J\z\^. 


z|=J? 




2m J\z\==R 


E oo yr^n-1 yA 

j=j 34-1 Z^A'==0 »A/-f-jmn'2^ 

5»'A4“1 


ciz. 


Using the same arguments as earlier, we then have. 


>0,* 


"^A:+/3i 


mn I _: 


< +0(iV(n)- 




i2*(p - e)'"’i(^+i) 

< M{90,m{B) + e)” + e> ^iV(n) ^ • 

Let € > 0 be so small that 


(p - e) < p 


then, 


or. 


(9P,m(S) +e)” > ^ ^1 a;;+;3mn| C? ^ 


g/3.: 


i(S)+e > ]^{lafc+/3mni'^} 


^ f, 


'MS, 


'0,fc 


1 

p/?m' 



Siace e is axbitraxy, this gives 


g/3,m(-R) > 


p0n 


for 0 < R< p 


which completes the proof. 


Since 


for i? = 0, that is 2 : = 0 


00 n~l jg 


^jniyk 
-^0-* 


£>n • 


-00,0 

Now (fc)o = 1, thus by the definition of Bj^k, = 1 and Bo,o = 1- Thus, 


^ ^jmn- 


Consider the function 


F{z) 


1 - (2:/p)(^+i)" 

n =0 P 


Note that for iF'(2?), a/ 3 mn = 0. Which gives 


Cn-l,r,i,m(0j T') O’jmn 

j=0+l 

1 


= c? 


p(^+l)mn y ■ 


Hence for i? = 0 

, ^ 1 
Q8,m\ } — p(^+l)m ^ 

Whence 

Remark 4.3.1 For i? = 0 Theorem 4.3.1 does not hold. 

Further for r = 1, Bj^ki'f) — 1 hence 

Remark 4.3.2 For r = 1 Theorem 4.3.1 reduces to Theorem 2.2.1. 

Corollary 4.3.1 If I > I, f is analytic in an open domain containing \z\ < 1 and 
q 0 ,m{R) = K 8 ,m{Ry p) foT somc JR > 0, p > 1 then f € Ap. 



Proof Given, that / is anal 3 rtic in an open domain containing l^j < 1, Hence / € A pi 
for some p' > 1. Thus by Theorem 4.2.1 — Kp^niRiP')-, and from the hypothesis 

<l 0 ,m{R) — K 0 ,m{Ri p)~ That is Kp^rn.iR,p') = R^ 0 ,m.{R,p) and hence p' = p which gives 
f^Ap. 

Next, we consider the pointwise behavior of 0n-i,r,J,m(-z; /)• We shall prove not only 
that the sequence /) is bounded at most at fim points in |. 2 r| > but 

Theorem 4.3.2 Let f € Ap^p > 1, Z > 1 and is the least positive integer such 
that /3m >1 — 1. Then 


(i) 


liin 1 0n-l,r,I,m(-Z; /) 




for all but at most /3m distinct points in\ z\> p . 


(ii) 




for all but at most /3m — 1 distinct points in Q<\ z\< p . 
Proof : Let first \z\ = R> p. Consider 


00 n -1 




j==0k=O 


' jm,k+^m k 

^k+jmn^ • 


Now since f E Ap so 


E = O (N(n)(p - 


J=S R^yk+pi 


thus, 


< Ti5'to(n)(p-e)-(‘^'’"“>) 

< 1 . 

Thus sequence (4.3.2) is convergent. Also from the expression of 0n-i.r,i,m(-2;/) and 
r„-i,r,/,m(z; /) it is clear that 


l/k 


( 4 . 3 . 2 ) 


TE I \'l"= lim I ..(*;/) I'-'” 


(4.3.3) 



JLU± 


Thus for \z\ = R> p, 


OO 1 T> OO IX 

= EE%=^“‘w‘-^'^EE 


ZL/ D <^A:+j: 


► OO IX O 

~ak+jmnZ -Z^ 

^0,k j^_Q -oo,A:+mZ 


^A:+jm(7x4-l)'‘ 


n-1 , OO n-l p 

E J^j3m,k k • V”' ^im,k 

jy ^k^-PmnZ + 2^ 2^ ®A;+;t 

k^Q ;=i9+lA:=0 ^0.^ 


hi '*' W 

,pm „ _fc _pm _ _jfe 

2^ 7J ^^fc+Pm(n+l)'2 .Z ^ ^ _ a^4.jTO(„4-l)Z 


Ar=0 •^O.k+jSm j=/3+l A:=0 

n— 1 p n+/3m p 

E -^(3m,k fc Y^ J^^TUyk k , 

p ^k-^^mnZ y , jy ^k-^i3nmZ + 

^^0 k^Bm 


Bo,ki-0i 


'^Br- 


OO n~l p OO n p 

+ 2-/ D ®*+jmnZ Z 2_j 2^ tj ®A:+jm(n+l)Z 

j=/3+lik=0 j=;S+ljk=0 -'^O.fc+Pm 


E -^P"i,fc _ A 

Q O-k+PmnZ 

fc=n -^o,fc 


n— 1 p 
%” ^ x7 


Q <^A:-h/0mn'2' 


k—Bm 

Ti+/3m 


E -^f3m,k ^ ^k Y^ ■^iSm.k ^ ^k l 

P ^k-\-BmnZ 2^ p ^A:+/?mn-2^ t 

fc=Pm -“0.* fe=n -^0.* 


OO n~l 


t Y^ Y^ ^ ^jk Y^ Y^ ^ . ^Ar 

“t~ 2^ T> ^k-\-jmnZ Z 2^ 2^ p ^k-i-Bm(n-t-l)‘^ 

J=/3+lk=0 j=^4-lA;=:0 -^0,A;+^m 


^m— 1 p pm 

E -^BrUyk ^ ^k Y^ 

~5 ak+pmn^ -2^ 

k=Q -^0>A; ^=0 


^ S/= 


jfc=0 ^0,k+n 


'’ ^ _A:4-n j 

■^Ar+iSmn-fn'^^ i 


OO ^ J5 


;=/?+! Ar=0 j^B-hl k=0 ■^O.k-hBm 




Z_/ p 
/t=0 ■°0,fc-t-n 


(p _ g)(n+l)^n 


, __l£JE__Uo I^r 

^ _ ^^(l+(/3+l)m)n J \(p ” 

/?m p 

E -O^TTijAr+n ^A:4-71 • 

^iA:+n(l+/?m)'2^ + 

^=0 •^0,A:4-n 

+ONin) ^ (p- e)(i+(^+i)”‘)” j ■ 

Thus from (4.3.5), (2.3.8) and (2,3.9) we have 

/?m p / 

^ JLJ Rm Ir ■m'r-v' V I 




(4.3.4) 


(4.3.5) 


(4.3.6) 


where 77 is a positive number . 

If we assume that in (i) equality does not hold at more than 0m points say 0m + 1 points 
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then 






J = ,dm + l 


for Zi,Z2, ■ Zfim+l with | Zi i, | 22 , I i> P- 

Let 


I /) 1^^"= - s for some s > 0 


that is 




rjl+^m 


— S + e 


Hence from (4.3.3) we have also that 

I r„_l,r,i.m(- 2 ;; /) |< - 5 + ej 


\ n-j-l 


Vn > no(e)- 


Vn > no(e) 


therefore, 

I 1 = I Qn-l,r,l,m{Zj; f) “ Zy’^Tn-l,r,l,m{2:] f) 1 


< I /) I + I \ 


< 


pl+0m j ■ ' ■ yp 


^-s + e) + 1 1^ (3;^ -s + e 


n+1 


hence 


that is 




lim I h(z,) ^ , r>0 


I h(z,) p/"< i = 1, 2, • • • , /3m + 1. 


rAi-Pm 


Now from (4.3.6) 

^pm,k+n 


pm Q 

fc=0 -“0,fc+n 


= ON(n)(^^-77j -M^,) 

— ^j,n (®®y) 


where from (4.3.7) for sufficiently large n and constant k >1 

nz,\ V 

Vi 


r^l+pm 


(4.3.7) 


(4.3.8) 


= kiNin) 


(4.3.9) 
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for kx >1, 771 > 0, j = + 

From (4.3.8) we have 

i3m Q 

E (4.3.10) 

fc=0 ■°0,fc+n 

where | 8j^n |< kiN{n) — jyij for suficiently large n,ki > 1,771 > 0 and 1 < j < 
/3m + 1. 

Solving system of equations (4.3.10) we have . Thus, 

= E , 0<k< Pm 

where matrix (c^*^) , 1 < j < (Sm +1, 0 < k < I3m is inverse of coefficint matrix (zj), 1 < 
j < /3m + 1 , 0 < ib < /3m hence are independent of n by which, from (4.3.9) we have 

« 

//3m+l / , I X n\ I/03m+l)n+i: 

= iL“ ( E cfzJ''hN{n) (J^ - nij j 


= Jis(E‘=^.^w(^-^)' 




< lim (A;2*^(^) 


Vi 


n\ l/() 3 mTl)n— A: 


n— *00 


p/3m+l 


(4.3.11) 


where 

hence from (4.3.11) we have 


5m+l 

^2 = ki{0m + 1) E > 1 , 0 < k < f3m 

j=i 

Hm 1 On - 

n—^oo p 


which contradicts that / € Ap. Hence our assumption that in (i) equality does not hold at 
more than .dm points was wrong and thus 

Hm i Q n-l,r, l,m{z-, f) P''”= 




for all but at most /3m distinct points in ] z |> p. 

In the proof of (ii), one can argue similarly using (4.3.4) 

Qm~\ 731 jy 

L/.A ^0ra,k ^ 

h\Z) — 2 ^ ^ ajc^prnn^ 2^ 


k=Q 

00 Q 

k^O ^0,le 


O'k+n(l+0m)Z + 


k=0 -^O.fc+n 

“ " Bi. 


E V'' ^im,k _ _fc _^j3m. V' -Oimifc+Pm ^ _^k 

^ n ®<:+imn2 Z 2-f 2-/ n. . _ ^k+jm(n+l)Z 


j=P+l <:= 


;=Pl-l)t=0 BoM0m 
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for I 2 |< p, 


+ ^ I 1 'I 

(p “ ^n{p+l)m ^p _ ^^(n+l)(/3+l)m j 

_ k , /n-KT/ \ ( I I" 1 

^ So,fc (^(p _ e)(Pm+l)n + (p - e)n(,34.1)T, 


This together with (2.3.21) and (2.3.22) we have 


Pm-l Q 




(4.3.12) 


where 77 is a positive number. 

If we assume that in (ii) equality does not hold at more than /9m — 1 points say 3m points 


l^\en-l,r,lA^3f) P^"< 


j = 1,2, •■■,0m 


for Zi, Z 2 , - •■ , z^jn with | |, | .22 I, • * • , | 1< P- By the similar arguments as for the case 


z\> p 


Now from (4.3.12) 


lim I h(z0 


j = 1, 2, - • • , j5m 


3m— I p / 1 \ ^ 

E -^(^k^nPraZ, = ON{n) - 7? j - h{z0 

= Sj,n (say) 


(4.3.13) 


where, as for case (i) 


Sj,n |< A:iiV(n) I ^ - 771 


(4.3.14) 


for sufficiently large n, ki > l,T]i > 0 and 1 < j < 0m. Solving this system of equations 
(4.3.13) as earlier 

p 3m 


where are appropiate constants independent of n. Hence from (4.3.14) 


lim I ak+npm 


tl/fcd-nPn 


( pm / -f 

EcfA:iN(7a) 


l/k-i-nPm 
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From Theorem 4.3.1 and Theorem 4.3.2 we have 

I ©n-l, r.i.m ( 2 ; /) 

for at most distinct points in Ul> p . That is in ]^| > 

;^|0n-l,r,i.m(2;/)l'/'‘<S, B>1 

for at most /3m distinct points. In other words we can say that 

Remark 4.3.4 Let / € Ap, p > 1 and Z > 1 with 0 the smallest positive integer such 
that 0m >1 — 1 then the sequence {0n-i,r,/,m(2; /)}^i can be boxmded at most at 3m 
distinct points in \z\ > 

Corollary 4.3.2 If f is analytic on jzj < 1 and if 0n-i,r,i,m(2; /) is uniformly 
bounded in every closed subdomain of \z\ < then f is analytic in \z\ < p. 

Proof If / is analytic on \z\ < 1. Let / G Ap^, then from Theorem 4.3.1, = 

K0,m{R-,Pi)- Thus, by above Remark 4.3.4 {0n-i,r,i,m(2; /)}^i can be bounded at most at 
0m distinct points in jz| > Also it is given that 0n-i,r,i.m(2; /) is uniformly bounded 

in every closed subdomain of \z\ < p^'*'^’". Hence pi < p is not possible. That is pi > p 
which gives that / is analytic in \z\ < p. 

4.4 The object of this note is to consider roots of o'"” in place of roots of unity, where 
|q:| < p. That is to study the polynomials (?n-i,r(2, a; /), where 

a; /) = i E f) 


(4.4.1) 
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where for each s — 0, ... ,m 1, f) is a polynomial of degree n — 1 which 

minimizes 

r —1 ) 1-1 

' ' |2 


k=0 


(4.4.2) 


where = a™”. That is 

<^s,k = = aujs,k, A: = 0,...,n-ls = 0,...,m-l 

where Us,k are given by (4.2.1). Hence (4.4.2) can be replaced by 

l/=Q k=^Q 


(4.4.3) 


Lemma 4.4.1 If f(z) = £ Ap, the unique polynomial 

G^_i^r{z, a] f) which minimizes (4-4.3) over all polynomials Qn-x G n„_i, is given by 

Gn-xA^^ /) = 4'’ ( 4 -^- 4 ) 


j=o 


where 


and 




, ...,n--l 


(4.4.5) 


r-1 


Bx,jA) = + An)» 


1=0 


where (j\ = j{j - 1), . . . , (j - i + 1) and (y)o = 1. 


Before giving the proof of Lemma 4.4.1 we state and prove Lemma 4.4.2. 

bet /o, /i, ■ • • , /r-i be given functions in Ap and let = 0, 1, . . . , r — 1) be 

given real numbers. To each set of n numbers {p^j }”~o we define an operator on the 
space of polynomials of degree n — 1 such that if 

n-1 n-1 

Qn-xiA = H then £j,(Q„_i(z)) = (kPu,xz'. 

t=0 1=0 

We now first find the polynomial G*_i^(z,a:; /) which minimizes 

l£^.Qn-l(«Ws.)t) - /„(Q!W*,Jt)|% (4.4.6) 

v=0 *=0 

over all polynomials Qn-x G TTn-i- Let the polynomial interpolating f^{z) on be 

denoted by LAxA^^^''> 

^n-xA^' X 

j=Q 


1 / = 0, 1, . . . , r — 1 


(4.4.7) 
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where depends upon and its value on We shall prove 

Le mm a 4.4.2 The unique polynomial a; /) which minimizes 

(4 ■4-^) given by 


j=0 


where 


1“ ’ i = 0, 1, - . - , ^ - 1- 


(4.4.8) 


Proof : The proof here is analogous to the proof of Lemma 4.2.2. Thus we limit to 

the sketch of the proof where it differ from the earlier one. Observe that on using (4.4.7), 


we have 


\C^Qn-l{ocUJs^k) - fi>{Oi(jVs,k)f = \C^Qn~l{ocl^s,k) “ L'^_i^,{aUJs,k-, i /:.)|^ 

J=0 


where we have set 


41a = 41a - 0 < i < n - 1. 


From (4.2.9) it follows that 

^ I AQn-l (Q!Ws,fc) - MaUJs.k) f = iZ 1 41aQ^<^.fcP 

A:=0 k=0 J=Q 

= ^|Zl41aPl«P^- 

J=0 


If we put 


Cj=pje'^^, j = 0, l,...,n- 1 


41a = j = 0, 1, . . . , n - 1; v = 0, 1, . . . , r - 1 


then from (4.4.9), it follows that 


(4.4.9) 


(4.4.10) 


(4.4.11) 


~ PZjP^ ^P v,jPj^u,],aCOs{9j (l>uj,a)i 


for j = 0, 1, . . . , n— 1. Thus from (4.10) the problem (4.4.6) reduces to finding the mimmum 
of the following 

E Ie - 2E (4.4.12) 

j/=0 h=0 ;=0 j=0 J 
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where pj runs over the reals and 0 < < 27r. Diflferentiating (4.4.12) with respect to Pj 

and 9j we get the following system of equations to determine p^ and 9^ : 

r-l . (4.4.13) 

adding these equations we have 




which gives 


and hence the result. 


Cj = cf (a) = 


proof of Lemma 4.4.1 : Here also the proof is on the same lines eis that of Lemma 

4.2.1. Thus we give only the main steps. From (4.4.4) it follows that (4.4.1) reduces to 

ZA=0 k—0 i=0 

where fuiz) = z^f^‘'\z),v = 0, 1, . . . , r — 1. Thus from Lemma 4.4.2 

Pv,] ~ ^ 0, 1, . . . ,T’ 1, j 0, 1, . . . , TZ 1. 


Since f G An, we have 


u\ f f{t)z‘' 




2xi ir (i - z)-+i 

where F is the circle |t| = H, 1 < i? < p such that |q!| < R. Then 




Now since 


r (i - (aws,*))"-^! 


n;j=o(-z - oi(^s,k) = z’"- 


where fig ;= (t^s.fe)" is a root of unity for A; = 0, . . . , n — 1. Hence if 

/ , i/liaUg^kV 

then by Hermite interpolating formula we have 


2m Jr 


y^-z^ 


27 ri Jr (t — y)"'^^ (y — z)(y” - 

n-1 / //it/ ±t/i-n-k-l yk \ 
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where T' : \y\ = R',l< R < R and R' is such that \a\ < R! Thus, 




> dt. 


As seen earlier 


Ji/ / \ oo 


Thus 


1 . n-1 OO 

n— 1 oo -| * 

= E EO' + >‘n).a’^aiz> — 


Hence 


Whence 


;=OA=0 
n— 1 oo 

s<^j+An^- 

;=0 A=0 


^S.a = I](i + An)^a;"^fi^aj+An- 


where 


E'-JU)- SZoU + 

EEJum^ 

1 oo 

p 7 c I] Ha J (r)aj+Ana"^fi^ j = 0, 1, . . . , n - 1, 

Hoj(r) 


Ha,j W = 5](i)»(i + An),, (j)^ = jij - 1), . . . , (i - i + 1). 


giving the required result. 

Thus from (4.4.1) 

*1 m— 1 

G„_„(z,a;/) = -rEG;-,..(^,«;/) 


m-ln-l 2^ CO 


ni 5=0 A=0 A=0 

n-1 1 oo 1 m-1 


Now using (4.2.14) Thus, 


G„-i,(^. ai /) = E E . 

J=0 A=0 


(4.4.14) 
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4.5 Now let ocj'y G Dp be two arbitrary points, and let f G Ap. For positive integers 
m and n set 


<^s,k = 

for A: = 0, . . . , n — 1 and s = 0, . . . , m — 1. Let r(^, a; /) is the polynomial 

1 

a; /) = - E c; f) 

^ s=0 

where ,,(z, a; f) is polynomial which minimizes 




t /=0 A :=0 


over all polynomials Qn-i G n„_i. 

Further, we assume 

d = ln+p, I >l,ri < p/n < 1] p/n = ri + 0{—), 

Th 

and where p is integer, and ri G [0, 1) is a given constant. 

For b a fixed positive integer let 




^(bk+q) 


e 


g = 0, — 1, A: = 0, . . . , d — 1. 


Let Gd-i,r(-2,7; /) is the polynomial 

°g=0 

where G^d-iri^^'y'^ f) i^ polynomial which minimizes 

u—0 Jc=0 

over all polynomials € IT^-i . 

Let us denote 




'^n-h, 


f') — Gn—l,r(.^^ O!, f') Crn-l,r('2’) O!, Gjf— [J ( 2 , "Y, 


9a,y{R) = 

In this section we give exact estimate of Qa.yiR) for > p and R < p. The result generalises 

Theorem 4.3.1. 



Ill 


Now by the definition /? is the smallest positive integer such that /3m > Z — 1, thus clearly 
/3m > Z. Let 


and 


Then 


^ a.,'1 (-^5 P ) — 


max (If !"<«+«. If P“|f I”, I J|(i>“+n)i) if 0 < lz| < p 

'«<‘“:(l?l'’"lfl.ljl‘^"*^>*lfl) if l^l>P 



max (If pMfil'+'-l*) ifO<|z|<p 

"^<«(lfP"lfl.lfMfl)- if W>P 


Theorem 4.5.1 For I = 0 m, b a fixed poitive integer if d = dn = In + p,p = Pn = 
rin + 0(1), 0 < Tj < 1, and for each a, 7 6 Dp if \a/p\^'^ 7^ CLf^d for ri ^ 0 if 

[Q,y'p|m(p+i) ^ then for each f £Ap 

ga,y(R) = Ka,-y{R, p), R>0. 


and 

Theorem 4.5.2 For I > /3m, b a fixed positive integer if d = dn = ln + p,p = pn = 
rin + 0(1), 0 < Ti < 1, and for each 0,7 € Dp if \a/p\^ ^ 17/pi^^'*'’^^^^ then for each 
f ^ Ap 

ga,y{R) K'^^y{R,p), R> 0 . 

Note that for r = 1, m = 1, 6 = 1, 

On-l,r('2’5 O:, f') = Ln-liz, O, f') 

and 

Gd-\,\{z,rJ) = f)- 

Remark 4.5.1 For the special case r = l,6=l,m = l Theorem 4.5.1 reduces to 
Theorem 4.1.2. 

Next, for a = 1, 7 = 0,p = 0, 5 = 1 

On— l,r('^i f) On-l,r(’2, f') 
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and 


Gd-i,i(z, 7 ; /) = 5rf_i(z; /) = 5 z„_i( 2 ; /) 


Thus 


G„-l,r(z,Gci_i, 1(^,7;/)) = G„_i,r{S'j„_i(2; /)). 


Now from (4.2.2) 


and since 


hence from (4.2.4) 


m— 1 


Gn-l,r(^lSln-l{z;f)) = — ‘^in-l(^, ; /)), 


m 


s=0 


i=0 k=0 j=0 


n-1 




it=0 


where 


Thxis, 


“ R-^ E fc = 0. 1, 


J-1 


..,n— 1. 


i-i 


-I m—\ n— 1 1 

G^.,M Su.-i{r, /)) - - E E R-M E 

which together with (4.2.14) and the definition of ^ yeilds 

n—l /?— 1 


fc=0j=0 


Hence, 


Remark 4.5.2 For the special case a = l ,7 = 0,p = 0, & = 1 Theorem 4.5.1 and 
Theorem 4.5.2 reduces to Theorem 4.3.1 . 


Proof of Theorem 4.5.1 : 
(4.4.14) for n = d and m = 6 

Gd-i,\{z,TJ) = X) IE 

J=0 A=0 
d-l 


Here and after we consider = BjrrL^i^)- From 


'Y, dkZ^, where 4 = E 
k=0 7=0 

/n+p“l 

= E 

= EE*«»^‘*''"'+E'i*+‘-^*'" 

7=0 1=0 *=0 
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hence 

/ /l-l n-l 

Gn-lA^, a; Gd.-l,l{z, r, /)) = I -Z, aH ^ 53 4+;n2*''^^”+ 

\ Vj=o ^=0 

..W 


Note that 
Gn-l,r 


..aJgw*')') = iEE§^ 

\k=0 ) ) ^ s=0 k=Q ^0,k 

f — 1 1 . « 


(4.5.1) 


•4+rn2"0i” 


= < 


Hence for I = /3m 


ELo ^dk+0mnz'‘ a I =^l3m 
0 otherwise. 


(4.5.2) 


Q dk-\-]Tnn^ ^ 

j=0/b=0 


j=0/b=0 

i=0 ^0^ 
/3-ln-l 


/3— 1 71—1 o OO 

EE 

j=0jb=0 1=0 




p—l ry OO 

+ > — 2^ 0.kJrxbd^^mnl Ot Z 

jt=o 1=0 

50 from (4.4.14) 

G._u(z, n; /) = E E 

;=0A:=0 ^0.* 

is together with (4.5.3) gives 

et\..,(^;/) = Eo»,„z‘ 

Ar=0 


where 


^k,n = \ 


X)i=0 ^ 2^1=0 -^;=0 ^^-riWt-;mn 7 ^ 

+ ET=o for 0 < A: < p„ - 1 

V'OO v^/3-1 S,m,fc^ ^tlxiryjmn t-yoo iiuhtn. 

— Ei.=0 X)j=0 ■g^®fc4-tW+jnm7 ® + 2.>j=0 So,* 

for p„ < ^' < n — 1 

£“-0 - £.“-0 

for 0 < A: < p„ — 1 

S“-0 Efi 

for Pn < A: < n — 1 


(4.5.3) 


(4.6.4) 
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For 0 < A: < — 1 let e > 0 be too small that 

(p/(p - e)y^max I— I_ia+n)fc|_fL_|”* |_I_|2(i+n)6l 

1 p-e p-e p-e p-e' j 


max |2|(^+’'i)6| _ 


Thus, 


Dk,n = E 


oo o ^ n 

E ZZJUhl^ ^jrnn ^jm,k , 

T5 ^k-^jmnOi 2_j "5 <^k+jmnOr 

j=Q ■^O.k J:>Q,k 


13 


f-' 7? . , ‘ R 

- E - E E 

« — n x=2 7=0 "^Oyk 


^jrn,k 

^0,k 

00 ry 

J=p^l 

^ B 


oo / 




■Bo,fc 

Ba^k 


O-k-rbdl 


.bd 


P TD OO P Tj 

E -°Sm,k ^ ^^hd^.imn „ ^.tbd^j 

jj ^k+bd+jmn^ ^ ^ q ^k-i-ikd+jm-nH ^ 

j=l ■^0,k ^2 j=0 -^0.^ 


_ ■^(P+l)m,k^ „,(i3+l)mn _ _.W , 

= ^ ak+(0+l)mnO!^ ‘ - O-k-rtxfi + 

-DO, it 

\(y\{P+^)'^n |7|^ltt|'" 


+OiV(n) 


_ ^{p->r2)mn+k ^p _ ^jk+bd+mn ^p _ ^ 

„ + p-^0(N(n)(aAjr) 

JDn ' 


l7 


l2bd 


B(^P+\)m,k 


50,* 


where 0 < cr < 1 and N (n) is quanitity dependent of n such that 
lim„_oo(iV(n))^/"' = 1, further iV(n) may not be same at each occurence. 
Similarly for < A: < n — 1 let e > 0 be so small that 


(p/(p — e))max 


'p-e' p 


2_|(i+n)fcj__2_j"‘ j |2(t^ri)i>\ ^ 

-e 'p-e ’'p-e J 

= A,. 


Thtis, 


oo O oo /3-1 jy 

I^k^n “ ^ ~j5 ^k-i-jmn^^ EE jy ^k^ibd-rjmn'y 

t=0 7=0 


ibd^jmn 


oo D I? , 

^jrnn _ ^ 

— 0>ki-j7nn^ 2^ r> ^k-hjmnOC 

jfc Q 


7=0 

/3-1 o oo /3-1 T> , 

E ^jm,k ^bd^imn ^ 

^< 5 tjt+W 4 - 7 mn 7 ^ p 1^4-7171^7 

-^0,A; x=2 7=0 

"" J5,v 


— o ^A;4-7Win^« 


-®0,Jb bd 

-^aib+w7 ““ 


(4.5.5) 
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1—1 rj oo H — i- o 

Q ^k+bdi-jmn^ ^ ^ ^ -jy ^k-htbd-hjmny Or 

j=l ^0,k ^=2 j=0 


oo P'-l jg 

:2 J =0 


Bprn^k 

Bo,k 


— O-k+bdl^ + 


+ON{n) 


lal(/3+l> 


)mn |^jMjQ,|fnn |7|^ 

+ V ,. , L^ ' , + 


(p _ gy/3+l)Tnn+A: ^p _ ^'jk+bd+mn ^p _ ^'^k-r2bd 


- afc+w7'" + p-"0(iV(n) (crAs)") (4.5.6) 

^0,k 


hence 


aa-T — J0+l)rrin\^ ■B03+l)m,fc t , ^ /T x. . .. 

^n-l4,r\^y f) ~ ^ <^k^-{^+\)mn^ + <^ ^ ^ 




-7^ ^ afc+6d,2;^ + i2n(^), 

k^O 


n-1 


where 


Pn-l 


n— 1 


R^{z) = 0{Nin)cT-A^,'^\z/p\'‘ + N{n)(T”A^Y,\z/p\'‘ 

k=Pn J 


k=0 


O {N{n){aTnax{Ai + Aaiz/pD)") if 1^1 < P 

O {N{n){<Tmax{Ai\z/p\’‘'- + A 2 \zfp\)Y) if \z\ > p 


hence 


er.A.(^; f) = 


if 0 < jzj < p 


j + Rn{z) 


ON{n) 

+i2„(z) ifN>P 


+ 


I T |6d„, 

I (p-e) I * (p- 


on taking root which yields 


Urn maxl©"’2i,d,r('2^;/)P^" ^ 

n— OO \2\=R 


if 0 < |^;1 < p 

5^5l'<'^'->l(^i5l) if 1^1 S fi- 


max 


Since I = Pm^ hence 


lim max\Q^'^i ^^{z; < Ka,j{R,p-' <^) 

n-oo lz\==R ^ 


since e is arbitrarily small hence 


Qa.ji^^) ^ Kot,^{Ry p)^ 
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For the opposite inequality to show that ga,yiR) > Kc,,j{R,p). 
Now from (4.5.4 ) with Caushi’s formula we have 


27n J\z\= 




\z\=R Z’‘ 


and therefore 


R^\Dk,n\ < /)|, 0<A;<n-l, R>0. (4.5.7) 

Now k + bdn — k + b(ln + p) = k + Ibn + p 6 it is clear that there exists an integer C > 0 
such that for n — C<k<n — 1, the sequences {A: + /3mn} and {k + bd^} takes all positive 
integer values. Since p„ < n - C for sufficiently large n and 7 ^ I hence from 

(4.5.6) 

15'{ max = 

n-00 Vc<fc<n-i ' (p-e) (p-e)' '(p-e)' ’ 


with (4.5.7) which gives 




(4.5.8) 


Similarly we can choose C > 0 such that the sequences {k + iSmn} and {A: + bd^} assumes 
all positive integer values for p„ < A: < p„ + C and p„ + C < n for sufficiently large n, hence 
from (4.5.6), 

Um{ max iDknW^^ = 7 — ^^mag(| | 

(p-e)’-‘ (p-e)' (p-e)' ^ 


which together with (4.5.7) give 




(4.5.9) 


For the case rj = 0 from (4.5.8) and (4.5.9) we have 

ga,-riR) > Ka,y{R, (P “ f))- 


Let now ri > 0. As A: + bdn = k + Ibn + pb , choose C > 0 such that {A: + bd^} and 
{A: + (/3 + l)mn} for 0 < A: < (7 assume all positive integer values. But for n sufficiently 
large, we have C < Pn, and since ^ [i|('+n)b^ from (4.5.5) we have 


lim{max = rnax^- r 

n—00 '■o< ;fc<C ' ’ ^ (p — e) 


' ’'(p-e)l ^ 
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which together with (4.5.7) gives 


a 




( 4 . 5 . 10 ) 


'{p-^y '\p-ey 

Similarly if C > 0 is such that the sequence {i + hdn} and {A: + (;3 + l)mn} for Pn - C < 
k <pn — I assumes all positive integer values, from (4.5.5) we obtain 

TiS:{ max 

Pn-C<k^n-l (p — g)’’! (p _ (p _ e) ' 


This together with (4.5.7) gives 




(4.5.11) 


From (4. 5. 8), (4.5.9), (4.5.10) and (4.5.11) it follows that for 0 < ci < 1, for the case 
0 < i2 < p we have 


max ■ 


|m(/j+l) I ^ in I ^ m < O' 


(p-e)' ’'(p-6)' '(p-6)' ’'(p-e) 

and for i2 > p we have 

, R . 


< 9.AR) 


\max 


Since e is arbitrary small and I = pm we have 




Kc,,^{R,p) < OaniR) 


which completes the proof. 

Proof of Theorem 4.5.2 : Prom (4.5.1) we have 

Gr,-l,r{z,a-,Gd-\,\{z,r,f)) = Gn-\,r iz,a\ fjZ ^ 

V \J=0 ^=0 k^o / 

From hypothesis I > Pm that is I ^ pm, hence from (4.5.2) 

/p-l 


G„-u Ua; 1 =0. 


Thus, for I > Pm 


Gn-l^riz,Oi',Gd-l,l{z,T^ f)) — X/ X/ D ^k+jrrmOp Z 

J=0k=0 " 0 .* 

/J-ln-l p oo 

j=0Je=0 "O'* »=0 


(4.5.12) 
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also from (4.4.14) 


oo n— 1 


a; /) = E E 


]=Qk=0 ^0,k 


this together with (4.5.12) gives 


n— 1 


^n\d,riz'J) = J^Dk,nZ'‘ 

k=0 


03 &-~l D 

^k^n / ^ jy ^k-\-jmrL^ / ^ ^ jy ^k-tibd+jmnK ^ 


where 

oo 7 

^jm,k 

u ^ 

for 0 < A: < n — 1. For 0 < A; < n — 1 let e > 0 be so small that 


t=0 j=0 -^0,* 


(p/(p - e))maaj [ |_I_|('+n)6|_^im^ |_I_|2a+n 

[p-e p-e p-e p-e 


Thus, 


Dk,n = 


D 00 0—1 T3' 

■‘^jm.,k ^ imn -O/fn,* 


;=0 ^0.* 


EE p ^fc+iW+jmnT'' ^ 

t=0;=0 -“0.* 


oc B 


B 


E -^jrn,k _ .mn 'T'' -^jm^k _ ^mn 

p <2A:+7mnQr ^ ak-^mnOr 

_;=0 -^O.* j=0 -^O.* 

/?-l ri oo /5~1 p 

yy O'k+hd-^jmnl ^ ^ ^ ^ 

j=0 1=2 7=0 

E^ 


jrriyk ^ 

Bn 


jmn ’^0,k Ixi 

dk+jranOd - — Ufc+WT “ 

~l JO0,ifc -OO.it 

/—I p oo 0-1 D 

^.bd„jm.n ST^ _ „,iW^ 

jj dk+bd+jmn^ ^ / . / . p dk+ibd+jmnTi “ 

j=l -°0,A: ,=2 ;=0 -“0,*: 

B0m,k n,0^ri ^bd , 

-aAr+flmnCl: “ ai+w7 + 




Bqj 
+ONin) 
B 


la|(^+i> 


\bd\^\mn 


, i7n^i , 

I / \ L I L J t "l 


hi 


2bd 




2bd 


Bo^k 


hence 


i=0 

-7*^ E <^k+bcU^'‘ + Rniz) 

k=0 


(4.5.13) 


< 


(4.5.14) 
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where 


n-l 


MA = o Ar(n)<r"A"j:wp|‘ 

V k=Q 


0(iV(n)(<TA)") if 1^1 < p 
O {N{n){aA\z/p\)^) . if j^j > p 


Hence 


f) = 


ON(n) + 

if 0 < |z| < p 

(l5!5M5i5l" + I5Z5I") + «»W 

if |z| > p 


on taking root which yields 


limniaxie^lTi^.Cz;/)!'/"^ { 

n-+oo |2r|=jR ‘ ^ “ i 


if 0 < |z! < p 
if \z\ > p. 


Hence, 


limmax!et’,,*.{2i /)!■'” < K„(R,p-€) 

n-^OO r 


since e is arbitrarily small hence 


9aa{R) < 


For the opposite inequality to show that Qa.yiR) > P)- 

Now from (4.5.13 ) with Caushi’s formula we have 


2x1 Xi=fl 


yk-hl 


-dz 


and therefore 


0<A:<n-l, R>0. (4.5.15) 

|z|— ic 

Now k + hdn = k + b{ln + p) = k + Ibn + pb it is clear that there exists an integer C > 0 
such that forn - C < /: < n - 1, the sequences {fc + 0mn} and {A: + bd^} takes all positive 
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integer values. Since p„ < n - O for sufficiently large n and ^ hence from 

(4.5.14) 


lim { max 

n-voo ^n-C<k<n-l 


\Dk,n\y^^ 


1 

(p-e) 


max (I 


a 

(p-e) 


0m 

? 


O' 


with (4.5.15) which gives 


Similarly we can choose C > 0 such that the sequences {A; + 0mn} and {A: bd^} assumes 
all positidve integer values for 0 < A: < C and C < n for sufficiently large n, hence from 
(4.5.14), 

limfmax = max{\ ^ \- — - — -|^'"'■d^). 

n-^ooW<c‘ ^'(p-€)‘ (p-e) 

Thus from (4.5.15) 

(4.5.17) 

(p - e) (p - e) 
which together with (4.5.16) give 




Since e is arbitrary small we have 


K,,iR,p)<9aAR) 


which completes the proof. 



Chapter 5 


WALSH OVERCONVERGENCE USING 
DERIVATIVES OF HERMITE INTERPOLATING 

POLYNOMIALS 


5.1 Let p > 1, denote by Ap and Rp the set of all functions 

/(^) = 

it=0 

with the coefficients satisfying 

lim ianP^"’ = P~^ and limjanp"^” < p~^ 

n— >00 n— *00 

respectively. In this chapter we consider Hermite inteipolation. For a fixed integer r > 1 
and for every n > 1, let f) ^ Hm-i denote the Hermite interpolant to / in the n 

roots of unity. That is 

= A: = 0,--.,n-l (5.1.1) 

where = 1- Then from [12] 

rn -1 oo n -1 

hrn-l{z\f) = V + V 'Yl, -\)nZ , (o.l.2) 

*=0 J=l 

where 

rri-1 

k=0 


If we set 


( 5 . 1 . 4 ) 
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and for each j >1 set 

f) = ^ aii.+(_r+j-l)nZ^ ■ 

h=0 

Next for Z > 1 denote 

J=0 

Then from (5.1.2), (5.1.4) and (5.1.5), (5.1.6) can be written as 

3=1 fc =0 

Let 


Kl{\zlp) = 


p jzjp ^/’■) 

' i/pi+a-D/r 1^1 < 

^ j2|l-l/7pl+('-l)/’- 1 < i^l < p, 

|z|/p^+'/’' p < |z|. 

k . 


In the Lagrange case (r = 1), we have only two domains in (5.1.8). When r 
Hermite case we have always three domeiins in (5.1.8). 

Set 


A,r(-R;/) = limmax|A,.„_i,/(2;/)p/’' 

n ~-» cx > |~ j =/£ 


With these notations Ivanov and Sharma [20] proved 


Theorem 5.1.1 Let r,l>l and let p > 1. For any f G Ap, we have 


DiAR-J)=Ki{R^p), R>0. 


If we set 

then from (5.1.9), (5.1.10) and (5.1.11) 


(5.1.5) 

(5.1.6) 

(5.1.7) 

(5.1.8) 

1, in the 

(5.1.9) 

(5.1.10) 

(5.1.11) 


GiA^J) < Klilzlp). 

A set Z is an {r,l,p)- distinguished set if there exists an / G Ap such that GiA^A) < 
Ki^{\zIp) for every z G Z. Following the idea of [19] introduce the matrices X, Y and 
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M(X,Y) corresponding to a given set Z = in which 


\^] I ^ Pi ~ Pi • • • 1 

k; ! ^ i = li - • • 1 s, when/?!,r(2) has a zero on 

the unit circle. 


(5-1.12) 



1 

Zi ... zY^ 


1 

Z^+1 , . . 

rei-l \ 

x = 


••• 

1 Y = 

— 



, . . 


1 



1 




The matrices X and Y are of order [ft x r + l — 1 and {s — fx) x r + I respectively. Define 


fX 


M = M{X,Y) = 


X 


\ 0 


0 


X 


0 


Y } 


where X occurs r + 1 times and Y occurs r + Z — 1 times beginning under the last X. The 
matrix M is of order {s{r + l — 1) + fx) x {r + l — l)(r + 1). Ivanov and Sharma [20] proved 


Theorem 5.1.2 [20] Let the set Z = {zjYj^i satisfy (5.1.12). Then Z is {r,Lp) 
distinguished iff 

rankM < (r + Z — l)(r + Z). 


In this chapter we study lim^^oo iiiax| 3 |=fl where /) is the t‘^ 

derivative of f)- In section 5.2 we give some exact results for A^2-i,/(^; /)■ 

we introduce the concept of distinguished point of degree t and investigate some relations 
between the order of pointwise convergence of A^^l_i i(z]f) and the prtiperties of f{z). 
In section 5.4 we generalize Theorem 5.1.1 for the case that the points of { 2 ^}^ can be 
coincided with each other. 
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5.2 In this section we give an exact result for j( 2 r; /), which as a particulaur case 
give Theorem 5.1.1. 

Theorem 5.2.1 For each f G Rp{p > 1), any integers I > 1 and t > 0, and any 
R> 0, there holds 

3“ gfff < KI{R,p), (5.2.1) 

where Ki ^{R,p) is given by (5.1.8). Equality holds in (5.2.1) iff f E Ap. 


Proof : Note that from (5.1.3) 


- 1 ’*r‘)s(:)n 


k—X nX 
Z 


ECvW)*”", 


(5.2.2) 


where 


CxAi) = E(-i) 


k-x[r+j-l\Jk 


(II), A = 0,...,r-1. 


(5.2.3) 


Now set f{z) = YikLo'^kA, then for every z on \z[ = R{R > 0) from (5.1.7) and (5.2.2) we 


^rTi-l,i(’^5 /) “ EE/^7,r(-^ )U’k+(r+j-l)n^ 


\k=0 j=l ) 

/ 1 1 \W 

/n—l oo r-l \ 

\k=0 j=l A=0 / 

n— 1 oo 

= E £ C'o,r(i)afe+(r+7-l)n(^)t^^“‘ 

k=t 3=1 

n-1 00 1 — 1 

+ ^ '^^)t^k-r(r-^3~ 1)71^ 

k=0 3=1 A=1 


k-rnX-t 


if 1 < ^ 


1 


if 1 < i? < p 


if R>P 


(5.2.4) 


where {k)t = k{k - 1) . . . (Ar - t + 1), (A:)o := 1- Here and elsewhere e will denote suliicintly 
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small positive number which may differ at different times. Hence 


lim max | A® _ w ( 2 ; /) < 

n-ooM=ii' W;i _ 


(p_£)I+((-l)/r 

(p-e)l+('-l)A 


if 

if 

if 


R<1 
l< R< p 
R>P 


since e is arbitrary small, we obtain (5.2.1). 


To prove the second part we show that equaUty does not hold in (5.2.1) iff / G Rp\Ap. 
First suppose equality does not hold in (5.2.1), then there is some > 0 and f €. Rp for 
which strict inequality holds in (5.2.1). That is 

Tim mai|A« /)|‘/- < KUR, p). {5.2.5) 

n-^00 |2j|— 

Thus from (5.2.4) 

n—l 00 

/) = !]£ Co,r(i)afc+(r+j-l)n(A:)f2^"*' 

k=t' j=l 

+Zt'EOK 

k=Q j=I A=1 

n— 1 ^ 

k==e 

+ E E C'A.r (0 (k + 

k=0 A=1 

n— 1 00 ^ 

E E ^0,r(j)afc+(r+;-l)n(^)t'2* 

+ E E E GUm + (5.2.6) 

*=0;=i+l A=1 

Let R> p then 

E Cr-iAl){k + n{r - 

^=n-(r-h2) 

= /) - E <^O.r(0«it+(r+2-l)n(^')t-2^*'“* + 

■*" E E ^A.r(0(^ + ’^A)t/afc+(rH-i-l)n-2^*^”'’' 

fc=0 A=1 

+ Cr-l,rmk + n(^ - + 

ib=0 
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n-1 


+ S E ^0,r(i)aA:+(r+,-l)n(A:)tZ* 

k=t' j=l+l 

+ 1 : E ECk rU){k + nX)t>ak+(r+j-l)n2*'^''^ 

Ar=0 7=/ 4-1 A=1 


By using the fact 


J_ [ 

2xi J\z\=R 2*=+^ 


1 = 

0 k^k' 


and Cauchy integral formula, we have for n — (r + Z) < jfe < n — 1 

Cr-I,r{l){k + n{r - l))t/ai+(r+;_l)n 
= — r j _ A 

2X1 J\z\=R zl:+n(r+/-l)-£'+l ^ 

I A I A If E^+1 Cb,rO)a|J+(r+.j-l)„(*')t2*'"‘' 

-hU i- U - 2 ^ j|2i=ie 

_| L f Eifc'=0 El=<+1 Ea=1 I 

' 2 X 2 J|z|=R zJfc+n(r-l)-£'+l 

< inax|,|.s + O 

Hence from (5.2.5) 


limn-.oolafc+(r+r-l)n|*'^^''^* 




By choosing e > 0 sufficiently small so that 

(p_e)-(l+('+l)/r)<;p-(W/r) 


we have 


or. 


lim <-, n-(Z + r)<A:<n-l 

n— »oo ‘ ^ ' p 


lim a„ - < -. 

n — 00 p 


Thus we have / € Rp\Ap. 

Similarly for 1 < jF 2 < p from (5.2.6) we have 


r+i-2 


Y, C'r-l,r(Z)(A: + n{r - l))t>ak+(r+l~l)nZ' 


,Ar-rn(i — l)“t' 


ib=0 


n-l 




= /) - E CoAl>kHr^i-i)n{k)tz‘ 

k=0X=l 


(5.2.7) 


)• 
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h=r-tl—l 


(r-i-f— 1)71-2^ 


,A;+n(r-l)-f' 


+ £' 1 : 

;=/+! 

n— 1 00 r— 1 

+ EE E<^^M{>= + nX) t'CLk-\-{r+j^l)n^^ 

k =0 j==l+l X ~1 


k+nX-t' 


By using Cauchy integral formula and (5.2,7), we have forO<A:<r + Z~2 

Cy-l,r(0(^ ^ l))t'<^A:+(r-fI-l)n 

f J _ A 

2Tn J\z\=R +1 

_j r X^Jb^=0 X^j=i+l Sa= 1 V-i-(r-»-j-l)n^ ^ T 


, 1 r Z,.jb^=o Z.,=i+i Z^A=i 

' 27ri ‘^|2?|=ii ^ +1 


Hence from (5.2.5) 




By choosing e > 0 sufficiently small so that 


we have 


(p_e)-a+Vr)<p-(i+(i-i)A) 


lim |ajfc+a 4 .r_i)n|*^^^^^^^ <-•. 0<A:<r + Z- 2 

n— ^oo '' p 


limlonl" < -. 

n—*oo p 


Thus we have / G Rp\Ap. 

Further, for i? < 1 < p from (5.2.6) we have 


t'+r+I-2 


X] C'o,r(Z)(fc)t'ajt+(r+(-l)n'2' 


^rn-l,z('^> /) “ X^ Co,r(0^fc+(r+I-l)ri(^)i‘^ 

fc=t'4-r+i-l 


n-1 r-1 


+ S 53 CA,r(Z)(/5 + nA)j/ajt+(^+,_l)n2' 


ki-nX-t' 


ib=0 A=1 
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n-1 c» 

+ m ^0,r(i)ajt+(r+i-l)n(^)£.z^~‘’ 

kr=it’ ^=f-f 1 
n-1 oo r-1 

k=(i]=l+l A=1 

By using Cauchy integral formula and (5.2.7), we have for f < A: < t' + r + ^ - 2 


^O,r(0 Q^')t'^k-\-[r+l—\)n 
If) If !!)*'=<' S^+1 

Jlz|=fl 

< max|^|=ii + O [n^' 


Hence from (5.2.5) 


lim lafc+(r+/_i)„|*'^^’"^' < max 




R} 




By choosing e > 0 sufficiently small so that 


(p _ g)-(i+VO < p-(i+('-i)fr) 


we have 

lim |afc+(!+r-i)nl*-^'+’-'^” <-. i' </:<*' + r- + ^- 2 

n^oo '■ ' p 


or, 


limlonl" < 


Thus we have / G Rp\Ap. 

Next, let / e Rp\Ap. Thus f e Rp, for some pi > p, hence by the first part of Theorem 
5.2.1 we have 

lim maxlA^2-i,i(-2'>/)l'^™ - 

n->oo |3|=R 

Since pi > p hence by definition 


KliR,Pi) < Kl{R,p), 


with above equation which gives 


lim max I A 

n-*oo |;r|=ii 


(i) 

rn— 1,1 
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Thus equality does not hold in (5.2.1) if / 6 Rp\Ap. 

Corollary 5.2.1 For each f G Rp{p > 1), and any integer Z > 1,Z > 0, there holds 

ins, /) = 0, V jzj < 

Moreover the result is best possible if f E Ap. 

Remark 5.2.1 For Z = 0 Theorem 5.2.1 reduces to Theorem 5.1.1. 

Remark 5.2.2 For r = 1 Theorem 5 . 2.1 reduces to Theorem 2.1.6. 

5.3 For any integer t > 0, we set 

We say that r} is an (Z, r, p)-distinguished point oi f E Ap of degree t if 
Hlrim f) < P)> V 1 / = 0, 1, . . . , t - 1, 

and consider it as i points coincided at 17 . 

Hereafter let {riv}l=i ^ poiats in the complex plane and denote the number 

of appearence of in We prove 

Theorem 5.3.1 If f ^ I^piP > 1)'^ ^ positive integer, and there are I + r 
points {quYfZi in |z| > p ("or, Z + r - 1 points In \z\ < p) for which 

Hff^illAf) <KlA\'nA^p)^ 1 / = l,...,Z + r(or Z + r- 1), 

then f E Rp\Ap. 

For the proof of Theorem 5.3.1, we need 

Lemma 5.3.1 Let g{z) = Y,’k=o 0 .kz'‘ E Rp{p > 1),Z be any positive integer and 
Ws{z) ■= n*=i('2 - where are any given s points in \z\ > p ( 

or in \z\ < p) , then 

Hfy\vAWs9) < KlM>P)^ i/ = 1 , . . . , s 
iff there is a po > p such that for 1 / = 1,2, . . . ,s 

act.,.-. = O (ft = 0(Po . 


(5.3.1) 
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proof : From (5.1.7) 

= Y] y~)/3,,r(.z")Qfc4-fr+7-ll7fZ^- 

it=0 ;=J 

Similarly, for any positive integer z/, we have 

n -1 oo 

z'' g) = /?J.r( 2 ")afc -i'-r(r+}-l)nZ! ■ 

k=0 3=1 

According to the linearity property of Am-u{z', f) it follows that 

s n — 1 oo 

i/=0 A:=0 j=l 

s n—iy—1 oo 

= EC. E 

l^—O k—~u J—l 

OO S f \ 

= EA>(^”)Ec. E+E- E 

_7=Z z/=0 YA:=— k=0 k^n—uj 

00 s u—1 

j=i u=l k=0 

oo s 1 

X^ ^k-^n-i/i-(r-r3-l)n^ ' 
j==l i^l k=0 

Next, we have 

oo s t^—1 

E(3;,r(^")Ec.E“» -i/-h(r-hj-l)n^ 

iy=l k=0 
00 s — 1 s 

— '^^3,r{z^)'Yl^ X/ ^vO-k-v+{x+3-\)n 

j—l k—0 i/—k^\ 

s-l s—k GO 

= ^ ^ y^/37,r(.g )o(r+j-l)n-i/- 

jk=0 J/=l J=J 

Similarly 

OO 5 ^ 

X/ -i/+(r+7~l)n-2^ 

j^l z/=l Jfc-O 

OO s — l 3 

j=Z fc=0 i/=fc+l 

5-1 s-Ar oo 

= X^ ^ Ci/d-Jb X^ l3j,r{^ )<^+(r+j-l)7i-£/' 
ib=0 J=^ 

Substituting these in (5.3.2) we have 

5-1 s-Jb OO 

Ar„-l,i(2, OJjp) = 53 XI 53 PhA^'^)^{r+3-l)n-v + Wg(z) 

fc=0 u=l 3=1 

5-1 s-A? oo 

-^“E^Ec. 4-.EA.-(''> a+(r4-j-l)n-j/- 

Jfe=0 i'=l j=l 


(5.3.2) 



131 


With (5.2.2) this gives 

5-1 s-k 00 r-l 

k=0 ^=1 j=l A=0 

5—1 s~~k oo r— 1 

»i+(r+j— 1 ) 71 — J/- ( 5 . 3 . 3 ) 

A:=0 :/=! j=l A=0 

Now, since rj^ occurs times in hence w(’')(z) = 0 at z = rj^ and r = 0 p^-i. 

Thus, 

Ar=p4,-1 I/=:1 J=i 

5—1 00 r— 1 s— A: 

+ ^ 51 C'«'+ita(r+J-l)n-t/ 

k=Q j=l A=1 u—1 

- E E E ^A,r (i) (k + n + ^ 

A;=0 ;=I A=0 I/=1 

(5.3.4) 


If points are in |z| > p then 
^^n-ii(g‘'^'^sg) = o 


I y V I 1 1\_^ "i 


^ (p _ ^yri-l-~l)n _ gj(r+l-l)n ^y+r)n 




Now for |77 j,| > p, for a given e > 0 we can find t) > 0 such that 

pa+r)n ^ yp(.l+l/r) ^ ^ 

and following the same steps as in 2.3.9 we have 


M 


|n(r-l) 


Iwl 


nr 


Thus, 


Hence 


(p _ g)(r+I-l)n \^p(l+IA) ^ ^• 

(j?., u;.p) = O - r?) - 


\vA 


^Ir iVt'y ^sQ) ^ p(H-//r) ’ — 1, 2, . . . , 5, 

Similarly if points are in 1< \z\ < p then from (5.3.4) we have 
4 _ n /'_J_ + 4 . 

l.li'^t'^^sg) — C? + ^(r+i-l)n + (p_ g)(J+r)n j 




.Po 


^(r+/-l)n (p _ gj(/+r)n j ' 
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Now for 1 < 1 77:, I < p, for a given e > 0 we can find 77 > 0 such, that 


(i+r-l)n < 1 (l+(i-l)/r) ^ PO > P 


and following steps as for 2.3.9 we have 


(p _ e)(r+/)n I p(l+(/-l)/r) 


^ I (!+(;_ i)/r) ' 


Thus, 


Hence 

, Ift 

< l ^ri ci - - ),, . I- = 1,2,.. 

Similarly if points are in | 2 | < 1 < p then from (5.3.4) we have 


i/ = l,2, ...,s. 


= O = + 

^ (pP^ (p-e?^) ' 

Now for |77:,| < 1 < p, for a given e > 0 we can find rj > 0 such that 


^(i+r-l)n (^p(l+0-l)/r) 


- J? , PO > P 


and following steps as for 2.3.22 


(p_e)(r+0n < fp(l+(J-l)/r) ’ M < P' 


Thus, 


Hence 


Wsff) — O ( (n.(j_i)/r) ^ 






u = 1, 2, . . . , s. 


Conversely, suppose (5.3.1) is valid. Since g G Rp, by continuity there is a pi > p with 


p < Pi < min p 




(5.3.5) 


such that 


Hf,;~\Vu] w,g) < Klilnul, Pi), z/ = 1, . . . , 5. 


(5.3.6) 
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From (5.3.3) 

s— 1 s-k oo r— 1 

E E E E 

^=0 y—l j=l A=0 

s— 1 s—k oo r— 1 

= Arn— "h Z Ci/-\-k ^ ^ <^(r+7~ljn--£/ 

A:=0 j=Z A=0 

+Ws(2)Am-u('2;<?) 


E Z‘ E E G_„W)z^’-*>a„+(.+i-l)n-»2" 

/fc=0 I/=1 j=I 

= -E/Eg«eeg, 

ji:=0 ^'=1 7=Z A=0 

5-1 8—k oo r— 1 

— A.rn-l,liz., iOsQ) + •2^*' 53 53 53 ^A,r(i)-2”'’'a(r+j-l)n-i' 

i=0 t=l j=J A=0 

(^)^m— 1,Z 


or, 


5-1 S-k 00 

53 E ^‘'+* E C'r-l,r(j> n+(r+j-l)n-i 

jfe=0 i/=l j=I 




s-1 s-fc oo r-2 

— E E E E <ln+(r4-j-l)n-». 

jt=0 £^=1 J=l A— 0 


_2-n-n(r 1) Ar„_l,z(^;, Ws^) + ^ E E E E 

jt=0 1^=1 j~l A=0 

Hence on taking 1^^ derivative we have 

OO 


E(^')t'^*' * E E ^r-l,r(j')®(r+j-l)n+n-J/ 

j/=l j=J 


k=t 


(t-fc) 


t /■j.\ (s-It- 2 s-k oo 

^ \)fc=0A=O ^=1 / 


6=0 


+ E((‘)) - E((‘))(.-"-"<->)“>At‘L(.;-..) 

) {t-b) 

■ 


(5.3.7) 
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On taking t - 1 and z = 'n^{u = 1, . . . , 5 ), from (5.3.6) and' the fact that f £ Rp and 
the definition of p^, we have 

s —1 s~k 00 

k=pt^-l i/=l j=zl 


l-n-nfr-l) l^.l ^ ^ ^ 




O ^max 
— O ('nF‘'~^max 


\Pu\ I W " 


^ 1 ^ )V 

min|»7^|”(p — e)(^+’— i)"y y 
Since e is arbitrary small hence by the choice of pi from (5.3.5) we have 

S —1 s—k 00 

A:=j?v -~1 ^=1 i=^ 




(5.3.8) 


(5.3.9) 


Since are all distinct thus on solving (5.3.8) we have 

s-k 00 / (1 \ \ 

z/=l ;=i 

T = maxi<^<sbj' -1],A:=0, solving (5.3.9) we have 

f; a-i,C)>(r+, -«»«-» = o [n^pf , I- = 1, 2 s, 

;=i 

SO that by the choice of pi 

/n ( T -(l+r)n\ ^ ^r-l,r(i) __ 

%+;-l)n+n-i/ — C? (n Pi J ilv ^ ^ a(r+j-l)n+n-^ 

= O (n’-pr^'^''^") + O ((p - 

where po € (p, Pi). 

Next, in the case when are in 1< \z\ < p, suppose (5.2.8) is valid. Since y £ Rp, 

by continuity there is a pi > p with 

p < p: < min 
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such that 


From (5.3.3) 


K~\v,<^. 9) < KlAM.P,), I- = 1, ...,s. 


oo r— 1 


£ £ Cu+k Y. E <^A,r(j>”^a(r+;-l)n-.. 

fc=0 u=l j=l A=0 

s— 1 s—k oo r—1 

- Arn-1,;(^, ^s5^) + -2; ^ Cj^^k ^2 X/ ^A,r(i)'2^^'^^+(r+j--l)n-i/'2^^ 

^=0 u=l j—l A=0 

+Ws(2)A 

m— 1, i{z]9) 


or, 


s— 1 S—k oo 

Y .^ Y . c.*k E 


A:=0 f/=l j=/ 


= - E E E E Cv0')^”"»fr+, ■-!)»-. 

A:=0 i^=l j=Z A=0 

s— 1 s—k oo j — 1 

-^m-u{z, (^s9) + E E E E C'A,rC7)^"^an+(r+;-l)n-«^2'‘ 

it=0 i/=l jr=l A=0 


or, 

s— 1 S—k oo 

E E E ^r-l,r(i)®(rJ-;-l)n-t' 

fe=0 i^=l 7=/ 

= Y^'^Y E E CxAj)^^\r^J-l)n-. 

jt=0 t/=l 7=/ A=0 

_^-n('— 1)A^„_I ;(2, a;^^) + Z E E E E ^A,r(i)-Z’^£ln+(r-;-l)i 

jb=0 £^=1 7=i A— 0 

+2“"(''"^)ws (z) A,.„_ i,/(z; c/) . 

Hence on taking derivative we have 

s-1 s-k oo 

jb==£ 7=^ 


= -E((( ( EECA,oV^"‘EattE‘'fr+.-.>.- 1 + 


(s-It-2 


6=0 


\A:=0A=O 


s-k 

E' 

x/=l 


(i-6) 


J=i 



A 


(£- 6 ) 

rn-l.I 



(5.3.10) 

(5.3.11) 
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oo r— 1 


+ E( C) fi: ^ E E E CA,0')^a»+fr.,-.,n-„z“ 

■ • \k=0 u=l y=l\=0 


(t-b) 


6=0 


(5.3.12) 


On taking t = p^-l and .2 = r}^{v = 1, . . . , s), from (5.3.11) and the fact that f £ Rp and 
the definition of we have 

s— 1 s—k CO 




k—pu — l 


i/=l j=l 


= O (n'‘->.|-“('-« Jrf^) 

— O (n^~'^max ( In | 

— yn max ^ jj(i+r-i)n i IVi'l ^(i+r-i)n i J J • 

Since e is arbitreiry small hence by the choice of pi from (5.3.10)we have 


s-l 


s—k oo 


E E E a-, ,rfa-)a, 


k=pip—l 


i/=l j—l 


- (P , V = l,2,...,. 

Since 77 ^ eire all distinct thus on solving (5.3.13) we have 


S—k 00 


i/=i 

r = maxi<^<s[py - 1], A: = 0, 1, . . . , s - 1. solving (5.3.14) we have 


C'r-l,r(j)<^(r+j-l)n-i/ ^ Pi 

2=1 


r -(Z+r-l)n 


), 1 / = 1 , 2 ,...,S, 


SO that by the choice of pi 

OO 

= o (nvr''*'’"”) - E 


C,-1,{3) 




(5.3.13) 


(5.3.14) 


j=i+l ^r-l,r(0 

= O (po 

where po G (p, pi). 

Finally, for the case when {r)^}Ux l^i < 1 < P’ suppose (5.2.8) is valid. Sin<-e 

g G i2p, by continuity there is a pi > p with 

p < pi < min [p(6+d)/6+'-i)^ (p''^’'”^mmii„<,l77^|“‘)^/^'^’’"^^] (5.3.15) 
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such that 


From (5.3.3) 


Hi'r z/ = 1, . . . , s. 


s— 1 s-k 00 r-1 

S E E E C'A,r(j>”^a(r+;-l)n-«. 

k=0 1^=1 j~l A=0 

s— 1 s—k CO r— 1 

- Arn-l, l{z, UJs9) + E E <^‘'+JfeE E C'A,r(i).z''^an+(r+;-I)n-^2" 

jfc =0 i/=l A =0 

+U}s{z)Am-u{z\9) 


(5.3.16) 


s— 1 S—k CO 

E E E ^0,r(7)®(r+i-l)n-j/ 

it=0 t/=l J=I 

= — E E ^i'+* E E ^A,r(.?)'2^ fl(r+A-l)n-t/ 

A:=0 £^=1 3—1 A=1 

U.g) + E z‘ £ a« E E n+(r+A-l)n-i/-2^ 

jt=0 £^=1 j—l A=0 

- f - CJjCz ) Am — 


Hence on taking derivative we have 

5-1 S-k CO 

C ^£/+ A : Go , r ( i )<^( r - f 7 - l ) n -£' 

k-t £^=1 


5-1 r-1 


~ E E ^A,r(j) (^ + nA)tZ*'‘'"^ ‘ E ^‘'+k E ®(r+j-l)n-t/+ 

Jfe=0A=l "=1 A=^ 

+ D Q ) 9) - A2-u(^i “.j) 

5-1 s-A: 00 r-1 z., v_. * 

+ E E <^'+‘ E E(* + "-^ + • 


'^^- f -( r - fj - l ) n -£'- ( 5 . 3 . 17 ) 

;fc=0 £^==1 j=/ A=0 

On taking t = p, - 1 and z = 77Ai^ = 1, • • - . ^)> from (5.3.16) and the fact that / G i2p and 
the definition of we have 

s-l S-* °° 

E (^)p„-l^t'*'~^‘'^^ E E ^O.r(i)®(r+7-l)n-(/ 


fc=p.,-l 


On ' 


iP»'~E 


i/=l A=Z 


(p — 

+0 + 0 ^ 
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O fn^‘' ^max f 


Sp - pa+r-i)™’ (p _ ^Yi+r)n J J ■ 

Since e is arbitrary small hence by the choice of pi from (5.3.15) we have 

iHj S—k OO 

Since r}^ are all distinct thus on solving (5.3.18) we have 

s—k 


Y1 ^‘'+k ^ C'o,r(i)a(r+i-l)n-i/ = O (n^ Pi , 

1^=1 j=l ^ ' 

r = maxi<t,<s[pj, — 1], A: = 0, 1, . . . , s — 1. solving (5.3.19) we have 



1! 

j=i 



choice of 

Pi 


. = 0{ 


OO 

- E 




= 0( 

nTp-C'+’-i)") 

+ o((, 

= 0{ 

■^r^-{l+r-iy 


= 

p-a+.-l)n) 



c,M 




where po G (p, Pi). 

Proof of Theorem 5.3.1 ; For points {r}u}l=i in |z| > p let 

m 


9iz) = 


= akz'^. 


(5.3.18) 


(5.3.19) 


(5.3.20) 


Y[Xi{z-riu) k=a 

thus f{z) = wi+r{z)g{z) and g G Rp. According to Lemma 5.3.1, there is a po > p such 
that 


“(l+r): 


= e? (po^'-"’-^") z/ = l,2,...,Z + r, 


so that 


lim|a,p/‘ < - < 
*-*00 Po p 


hence, g G Rp\Ap which gives / G Rp\Ap 
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If { 77 ^}®=! axe in \z\ < p, then we set 

l- j-r— l 00 

g(z) = [/(*) - WjW]/ n (^ - V.) = 

k=Q 

where Li+r- 2 {z) is the Lagrange interpolating polynomial of f(z) of degree 1 + r — 2 at 
tiiea we have f{z) = ui+r-i{z)giz) + Li^- 2 {z) where g{z) e Rp and Li^r~ 2 [^) G 
Rp\Ap. Similarly as in above case we can show that g G Rp\Ap so that / G Rp\Ap. 

Remark 5.3.1 For = 1, Vz/ Theorem 5.3.1 gives Corollary 1 [20]. 

Remark 5.3.2 For r = 1 Theorem 5.3.1 gives Theoren 2.1.7. 

Theorem 5.3.2 suppose f G Ap(p > l),i is a positive integer, then 

(a) there are at most l + r — 1 points {77i/}it=T^ in \z\ > p with 

Hfr'iVA f) < KiKl p), u = l,...,l + r-l 

(b) there are at most l + r — 2 points {77j,}],=T^ in \z\ < p with 

( Points can be in 1 < j^] < p or |^r| < 1 < p. ^ 

(c) The degree of {l,r,p) - distinguished point of f(z) is neither greater than 

I + r — 1 in \z\ > p nor greater than I + r — 2 in |z| < p. 

(d) If either z is in l^;] > p and t'>l + r or z is in |z| < p and t'>l + r—l, then 

r t 

Tta Siam =x',V(W./>)- 

lj/=0 

Moreover, for given any rj in \z\ > p and 0<t<i + r or for r) in |z| < p and 
0<t<l+r — 1, there is an f G. Ap for which 

t 

=0 

Remark 5.3.3 For pu = 1, Vt' (a) and (b) of Theorem 5.3.2 gives Corollary 2 [20]. 

Remark 5.3.4 For r = 1 Theorem 5.3.2 gives Theoren 3 [28]. 

Clearly Theorem 5.3.2 follows from Theorem 5.3.1 excluding second part of (d) which 
follows from the following Theorem 5.3.3. 
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Theorem 5.3.3 Let f e Ap{p > 1),Z be any positive integer and be any s 

points in 1^1 > p, s < Z + r — 1 ( or in \z\ < p, s < I r — 2) , with the numbers of 
the appearence of in Then the neccessary and sufficient condition for 




(5.3.21) 


IS 


f{z) = w,{z)Gsiz) + Go{z) (5.3.22) 

where w,{z) := n®=i(-? - J?j), Gq G Rp\Ap and Gs{z) = G with 

«(i+r)n-j/ = 0(or, aQ+r-l)n-u = 0), Z/ = 1, 2, . . . , S. 


proof : Sufficiency. Suppose f(z) can be expressed as (5.3.22). Since Go € Rp\Ap, 

according to Theorem 5.2.1 

Go) < O . 

that is there exists a pi > p such that 

At:i5(>7.;Go) = O (KUl^.|,/>i)l”) . 

If points axe in N> p then from (5.3.4) we have 


(5.3.23) 


s-1 


s—k 


k=pu—l J=l 

s— 1 oo r-1 s-k 

+ E E E C!\r<J){k + ■£ 

fc=0 ;=i A=1 ‘'=1 

S-1 oo r-l s—k 

-EEEc^a. {j)ik + n + 

fc=0 ;=I A=0 J'=l 

(5.3.24) 


Now since from hypothesis a(/i.r)n-i^ = 0 thus, 

1 


O 


• / \ . I i\„ I 


(p — (p — ^Yr-i-l-l)7i 


s— 1 oo r-l 


Jb=0j=/+1A=0 ‘'=1 
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= 0 






y-hi+l)n J 


(p _ g)(r+/-l)n ' (p _ g)(r+Z+l),. 

By the axbitraryness of e > 0, from (5.3.22), (5.3.23) and (5.3.25) we have 


(5.3.25) 


= max 


pl+(J-l)/r’ pH-(Z+l)/r^ 

{vA \vA \ 


.Pi 


l+J/r’ Al+(i-l)/r’ al+a+l)/r 


< 


pl+ljr 

KiriMP)- 


If points are in 1 < |. 2 r| < p then from the hypothesis a(j+r-i)n-£' = 0 thus from (5.3.24) we 
have 

fc=Pi,-l ^l J=/+l 


5—1 OO 1 — 1 


s—k 


+ 51 £ ^A.r(j)(^ + 51 C'j,+*a(r+_;_l)n-i/ 

fc=0 }=l+l A=1 >^1 

s-1 OO r-1 

- E E E C,M)(k + E 

k=0 }=l A=0 "=1 


= o 


(p — e) (’■+')’' (p ~ €)(’■+')" ' (p - 

= 0 


+ 




(p - e)(''+'5" (p - €)(’■+')” y ' 

By the arbitraryness of e > 0, from (5.3.22), (5.3.23) and (5.3.26) we have 

/ I |l-l/r |„ I \ 

Hff\VuJ) < rnax Kli\r}A,Pi), ''Lljr' TiTip j 


(5.3.26) 


= max 


< 


{ \r)A ' 

\pil+(i-l)/r’ p\Ulr ^ pl^Ur ^ 


pi+('-i)/>- 

= KlAnXp)- 

Similarly if points are in |z| < 1 < p then from the h 3 rpothesis aQ^r-i)n-i/ — b thus from 
(5.3.24) we have 


5 — 1 


5-ifc 


= 0+ 5!^ {^)pv-l^‘‘ ^ ^^53^"+* 53 ^0,^(J)«(r+-i~l)n-^ 

fc=IV-l 
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s-'k 


5—1 oo r-1 
A:=0 7=14-1 A=1 


£/=l 

s—k 


s— 1 oo 1 — 1 
A;=0 7=1 A=0 


/ 1 1 

— I T TT— TT- + 7 TTTTTTr + 


i/=l 

|r?.r 


(p-e)(r+Z)n (p_g)(r+l)n ' (p _ g)(r+0n^ 

= 0 


1 ^ \v.r 


{p - e)(’’+On (p - e) (’•+')" y ■ 

By the axbitraryness of e > 0, from (5.3.22), (5.3.23) and (5.3.27) we have 

( 1 1 

- max L^i+(/-l)/r’ pl+I/r’ pl+//r j 


< 


pl+(/-l)/r 

Neccessity. Suppose / satisfies (5.3.21). Let for j^j > p 

OO 

g{z) = f{z)/ws{z) = akZ^, g £ Ap, 

k=C 

According to Lemma 5.3.1, from (5.3.21) there exists a po > P such that 


a(i 


= O (ft , y = l.....s. 


We set 


OJ(i4-r)n— 1/ 


= < 


0, if i/ = 1, . . . , s; n = 1, 2, . . . , 
a(i+r}n-t'i if = s + 1, • • - J + r; n = 1, 2, . . . , 
and Gsiz) = E“o«;'2^Po(^) = P(^) “ Clearly G, € with 

1, . . . , s) and po(2) = E“o 7;^^ with 


'7(l+r)n-f/ 


= < 


^(l4-r)n— ^ 1, . . - , <S^5 n. 1,2.,..., 

0, if z/ = 5 + 1, . . . , i + r; n = 1, 2, . . , , 


hence go e Rpo- Then we have 

f{z) = Ws{z)giz) - 10 ,( 2 )[G,( 2 :) + go( 2 )] = W,{z)Gs{z) + Gq(z), 


(5.3.27) 


0, (i/ = 


where Go{z) = ‘UJs{z)gQ{z) G Rp^ and since po > p thus Go(z) G Rp\Ap. 
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In case {HuYu^i are in \z\ < p, the proof of sufficeincy is similar. For the necessity part 
we set 

where Ls-i{z) is the Lagrange interpolating polynomial of f(z) of degree s - 1 at 
then we have f{z) = iuYz)g{z) + Ls-i{z) where g e and g Rp\Ap. Similarly we 
can show that g{z) = Gs{z) + go{z), where go G Rp\Ap and Gs € Ap with = 

0, (i^ = 1, 2, . . . , s) and obtain (5.3.22). 

Corollary 5.3.1. Let f G Ap, [p > l),i be any positive integer and {rj^Y^^^i be any 
s distinct points m 1^;| > p, s < Z + r - 1 ( or in \z\ < p,s < I + r - 2 ). Then the 
necessary and sufficient condition for 

HiAva f) < P) 1 ^ = 1,. -.,5 

is 

f(z) = Wsiz)Gs{z) + Go{z), 

where Ws{z),Go{z) and Gs{z) have the same meanings as in Theorem 5.3.3. 

Corollary 5.3.2. Let f G Ap, (p > 1), I be any positive integer and t) be any given 
point in\z\> p,s <l + r — \ ( or in \z\ < p,s < I + r — 2 ). Then the necessary and 
sufficient condition for 

HY{mf)<KlM,p), u = i,...,s-i 

is 

/(z) = (z-7!)‘G,W + GoW, 

where Goiz) and Gs(z) have the same meanings as in Theorem 5.3.3. 

Remark 5.3.5 For p^ = 1, Vy Theorem 5.3.3 gives Corollary 5.3.1 which generalizes 
Corollary 2 [20]. 

Remark 5.3.6 For r = 1 Theorem 5.3.3 gives Theoren 2.1.8. 

5.4 In this section we consider a set containing the points in j^] < p and \z\ > p and 
generalize Theorem 5.1.2 for the case when the points {z^l can be coincided with each 
other. We call a set Z = with \T}j\ < p,j ^ I, ..., p &nd \r}j\ > p,j = p + I , . . . ,sand 
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denots the number of appeaxence of r)^ in = 1, . . . , s. an (^, r, p) -distinguished 

set if there exists an / e such that f) < p), i/ = 1, . . . , s. We define 

the matrices X, Y and M(X,Y) as follows: 



1 

... \ 



... 

1 


... 

1 1 


... 


The matrices X and Y are of order (/ix(Z-t-r — 1)) and (s — p) x (Z + r) respectively. Define 

\ 

X 0 

0 X 

1 

Y 0 

0 Y J 

where X occurs I + r times and Y occurs Z + r — 1 times beginning under the last X. The 
matrix M is of order (s(Z + r — 1) + p) x (Z + r — 1)(Z + r). We now formulate 

Theorem 5.4.1 Suppose Z = {zjf is a set of points in C such that \z^\ < p {j = 
and\Zj\> p {j = p + l,...,s) and \Zj\ ^1, y = 1, . . . , s, when 3i,r(z) has a 
zero on the unit circle. Then the set Z is (l.,r, p) distinguished iff 

rank M < {I + r — 1){1 + r). (5.4.1) 

Before giving the proof we state Lemma 2 [20] which we shall be using later. 

Lemma 5.4.1 (a) If \z\ > 1 then there exist constants Ci = Ci(r) > 0 and Ni = 

Ni{r,z) such that 

for n > N,. 


(X 


M = M{X,Y) 
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(b) If l^l < 1 then there axe constants C 2 = C^ir) > 0 and N 2 = N 2 {r,j, z) such that 

C' 2 /-' < |/3;,r(^")|, for n > N 2 . 


(c) If has no zero on the unit circle, then there is a constant C 3 
that 

Cz < |/5;,r(^")|, when \z\ = 1 . 


OzU, r) > 0 such 


Proof of Theorem 5.4.1 : First suppose rank M < (Z + r — 1 )(Z + r). Then there 

exists a non-zero vector b= Z>(/+r-i)(i+r)-i) such that 


Set 


M.b'^ = 0 . 

00 

/(^) = 

N^O 

= ^bo + biZ + . . . + ^1— y~j 


(5.4.2) 




-I 


Clearly f E Ap and that 

GN = (5.4.3) 

where N = {I + r — 1)(Z -t- r)v + A:, A: = 0 , 1 , . . . , (Z -|- r — 1)(Z + r) — 1, y = 0, 1, 

From ( 5 . 4 . 2 ) and (5.4.3), we have 


/'l+r-2 \ 

' =0 for each n and jf = 1 , 2 , ..., /i. 


XI ^(l-i-r--l)n+kZj 
fe =0 


and 


a+r-l 

A' =0 for each n and j = pt + 1, . . . ,s. 


^ ^ ®(/+r)n+i'2j 


(5.4.4.) 


(5.4.5) 


k=0 


For any integer n > 0 let p and q be determined by 


(Z + r - l)n -f- g = (Z ■+- r)p, 0 <q<l + r 


then for jf > p -t- 1 from (5.4.5) 


rn-l /q-1 n-l ^ 

X/ I “ I X/“*+o+'— 

^,*=0 / \k=0 *=« 


(P,-l) 


( ^-1 l-fr-ln-l 

A:=0 


-* l)n 


(pj-i) 


k=0 "=? 
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~ ®fc+(J+r-l)n- 2 j + o| 


= O 

This (or fx < j < s giyes 


(p_e)a+r-i)ny 


\ (PJ- 1 ) 

'] 

(for large n) 


/ oo n-l \ 

\q=l k=0 } 

/ n-l 

= I A,r afc+(j+r-l)n-2j + 

\ fc=0 

OO n— 1 \ 

) ^^4- (r-f 

g=Z+l A :=0 


= n( \ , c( ^ 

\(p- €)(’•+'- 1)”/ \ip- e)"(’-+0+"y 


Now choose ci > 0 so small that 


(5.4.6) 


(p — p' 


rn<S. 


SO 


o<^ 


Choose > 0 such that 


p^+’- (p-€i)^+"-i' 

1 


0 < ^1 < -lir - 


p^^*- (p - ■ 


Similarly choose e 2 > 0 so small that 

1 


< 


(p - 62)'-"+^ 


Kl >P 


and choose 772 > 0 such that 


0 <r? 2 <^ 


p^+^ (p - € 2 )'+’--^ ■ 


(5.4.7) 


(5.4.8) 


Let 


e = mm(ei, € 2 ) and 77 = min{r)i, 772 ). 


From (5.4.7) we have 

,<M L_ 

'/^pl+r {p-eY^r-l 

or, 

1 1-2; I 

(p_g)i+r-l <pl+r ^ 
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or, 

• (5.4.9) 

Similaxly from (5.4.8) we have 

„< w w 

{P ~ e)^^’’"'"^ 
or, 

( „-!);L)„ <(^ --?)"■ M-io) 

Prom ( 5.4.6), ( 5.4.9) and ( 5.4.10) we have 

f)=0 - T?j for jzj > p. (5.4.11) 

Here and elsewhere rj will denote sufficiently small positive number which is not same at 
each occurence. Now, let for any integer n > 0, p and q be determined by 
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whence iov 0 < j < fj, we have 

oo n-1 \ fe-1) 

Xy ^k+{r+q-l)n^j 1 
5=/+l k=0 ) 

= On»ax(l. ■ (5.4.12) 

Proceeding as before we can show that for |^j < p by choosing e sufficiently small we can 
find > 0 such that 

Kl” /I V 

(5-4.13) 

and 

(p - e) ’ (5.4.14) 

From (5.4.12), (5.4.13) and (5.4.14) we have 

f) = 0 ^maa;(l, ” ^) ) ^ 

Hence (5.4.11) and (5.4.15) gives 

For the convers part suppose f) < Kl^{\zj\,p) (j = l,2,...,s) for some / = 

HkLo o,kZ^ € Ap and that rank M = (Z + r — 1)(Z + r). Set 

h{z) = Bi,(z-^^)Am-u(^\ f) - .^’•+'-'A,r(^")A,(„4-i)-i./(2; /) 


then from (4.12) [20] we have 

Hz) = A,r(2")A,r(-2"^^) ( £ ak+(l+r~l)nz’‘ “ X) a-t+(/+r)n-2*'^'‘ 

\ ib=:0 A:=0 y 

+A,r(.2;"'^^) Arn-l,!+l(.2:; /) — Z ^ 01, ri^ ) Ar(n+l)-l,l.^l ( 2 ; /) . 

Thus, for \z\ 7^ 1 when 0i,r(^) A,r(2"'^^) has a zero on the unit circle then, 


H(z) = 


h(z) 


A,r(-2(")A.r(2"+^) 

r+-Z-2 


(5.4.16) 


V fc=0 *=0 ^ 

Am- 1,1+1 (• 2 ; /) r+1-1 ^r(n+l)-l,l+l (-^i /) 

+ A,.{z”) A. (.»"«) 

/r+I-2 r+Z-l \ 

= I X ^km+r-l)n^'‘ ~ X ‘^kmkr)n^ ^ 1 

V k=Q k=0 / 

+rrn-l,I+l('2(j f)~^^ rr(n+l)-l,J+l(‘^J /) 
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where 




Note that from Lemma 5.4.1 if A,r(-2") has no zero on the unit circle then. 


A.r(2") 




N < 


Since from (5.1.7) 

Thus, 

Trn-l,l+l{^-J) = 0{ 


[ 


kl < 1, 


1 < kl 


p(r+^n 

^ i<W<ft 

|^|n+n(r-l) 
p(r+l+l)n'* 


P< W 


l/p(r+i)n 


k < 1, 


l/p(r+J)n l<\z\<p, 

|^|n/p(r+i+l)n p < \z\. 


Let 


K\r{R,p) = { 


l/^l+(i-l)/r 1^1 < 2^ 

2/pi+(i-i)/r 1 < |^rl < p, 

[^jlfr/pl+i/r p < |2|. 


Thus, 


/r+Z-2 ... * 

it=0 


r+Z-1 

E 

k=Q 






^r+(-2 

E 

A;=0 




(Pj-1) 


= ( X/ ““ 0,k^l-hr)n^ 


k-f-n 


k=Q 


+0((iiCVl.r(kl,P-e)r)- 

For 0 < j < p from (5.4.13) and (5.4.14) 


^r+i-2 


fe-1) 


^(p,-l)(^^) ^ ^ ak+(r+l-l)nZ; 

\ k=Q 


+0 


(p_e)a+-)'* ^ (p-€)(^+’‘>", 

(Pi-1) / 


+ 

1 


/l+r-2 ^ 

= E ajt+(r+I-l)n^j 

V ik=0 


+ 0 


r+l-l 


(5.4.17) 


(5.4.18) 


(5.4.19) 


(5.4.20) 
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For any integer t > 0, let us denote 


Now from the hypothesis if, ^''*>( 2 ,;/) <Kl{\z,lp) (j = This together with 

(5 4.16) and (5.4.17) give 


I, p). 0 = 1. 2, .... p) 


That is 


l(-^i /)!''"• = I, p) 


for some 77 > 0. Thus, 


< { k ^ UM , p ) - n+^y 

for n > no(e) and ij > e > 0. Thus, 

1 


= o 


pl+(l-l)/r 


-77 




Hence from (5.4.20) we obtain 


/r+i-2 
\ Jb=0 


(Pj-1) 


J 2 <^fc+(r+2-l)n-^f = O 


nr-hl-l 


S imi larly for j > fi from (5.4.19) from (5.4.9) and (5.4.10) we have 




r+;-l \ (Pj-0 

^k+(J+r-l)n-hn^j 1 4 " 

it=0 / 


+0 


+ 


(p — e)('"''^“0" (p — e)(''+^+i)'‘^ 


r-j-l—l 


+ • (5.4.23) 

\H / 

Now from (5.4.21) < ■f^\r(kj|, p) C? = P + 1, • • • i -s)- That is 


(Pj-l) 


(5.4.21) 


(5.4.22) 
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for some ?7 > 0. Thus, 

for n > no(e) and 77 > e > 0. Thus 


V" 




= o 
= o 


rtl+iA 


V , 


rtT-\-l 


-T) 


Hence from (5.4.23) we obtain 


/'r+l-l 




(Pj-1) 


E at+(r+0»^f " =0 

k=0 / 


or, 


rr+l-l 


^l+r 


Vi 


(pj-i) 


X] (^k+(l+T)n^j I { pt-hr Vl I • 


fc =0 


Now, since (5.4.22) and (5.4.24) hold for all n, putting n = (Z +r)i/ + A, A = 0, 
in (5.4.22) and n = {I + r — l)v + A, A = 0, . . . , Z + r — 2 in (5.4.24) we have 


/i+r-2 

{ XI ak+il+r-\){l+T)u+X{I+r-l)Zj 

\ fc =0 


(Pj-1) 




O 




(^' = 1, . . . , /x; A = 0, 1, . . . Z + r - 1; i/ = 0, 1, . . .), 


a+r-l 


fe-1) 


X) a*+(i+r){I+r-l)i-+A(i+r)^* 


\ (l-rr-l)t/±X 


k^O 


(j = /i + 1, . . . , s; A = 0, 1, . . . Z + r - 2; i/ = 0, 1, . . .). 

Now since 

1 1 

v>0 


pi+r-I 

f 1 


P‘ 

id-r 






1 


p(i+r-l)(/^r) 


choose 771 such that 


or, 


p((+r— l)(i-f'r) Vp' i-r-l 


^<Vl< 

\ (/+r)t/ 

-77 < 


V 


l-rr 




^[l+r-m+r) 


m 


(5.4.24) 
Z-+ r - 1 

(5.4.25) 

(5.4.26) 
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(Pi-i) 




hence (5.4.25) can be written as 

/l+r-2 

I S j = O 

(j = l,...,/i;A = 0,l,■•■^ + r-l;l^ = 0,l,-.•)• 

Similarly (5.4.26) can be written as 

/l+r-l \ (Pj“l) / ^ V j 

Y1 (^h+(l+r)il+r-l)i,+X(l+;)Z^ j - O f - 7jj 


k=0 


{j = tJ. + l,...,S]X = 0,l,...l + r-2;u = 0,l,...). 
Note that (5.4.27) and (5.4.28) can be written as 


M.A^ = B 


where 


A (o(JH-i — l){l+r)i/^ ®(I+r-l)(i+r)j'+l? • • - *^(i+r-l)(i+r)i'+(i+r-l)(i+r)-l) 


and 

S= (0(^55;^ --))")■ 

B is a column vector of order {(s{l + r — 1) + fi) x 1). 

Since rank M = {I + r — 1){1 + r), solving (5.4.29) we get 

0-{l+T-l){l+r)u+k = O “ ’I 

for A: = 0, 1, . . . , (Z + r — 1)(Z + r) — 1. Hence 

limlat,!^^" < - 

j/— 00' p 

which is a contradiction to f £ Ap. 


Remark 5.4.1 For = 1, Vi/ Theorem 5.4.1 gives Theorem 5.1.2. 


(5.4.27) 


(5.4.28) 


(5.4.29) 


Remark 5.4.2 


For r = 1 Theorem 5.4.1 gives Theoren 2,1.9. 



Chapter 6 


WALSH OVERCONVERGENCE USING 
POLYNOMIAL INTERPOLANTS IN Z AND Z“^ 


6.1 Let Ap{l < p < oo) denote the class of functions /(z), analytic in \z\ < p and 
having a singularity on the circle \z\ = p. For each ordered pair (m,, n,) of non-negative 
integers, and qo > O.qo > p > 0 let q^ = (m* -|- ni)qo -h p. For any f(z) = 

Ap, let Lg^-i{z; f) be the Lagrange interpolant of z"‘/(z) in IT,,.! at the roots of unity, 
then Am,+n,—ii^'i f} /)) = ^ ajZ^ where 5'„_i(z : g) denotes the 

(n - 1)*'* partial sum of the power series of g(z). Thus /) can be uniquely 

expressed as the sum of a polynomial in in the variable z and a polynomial in 

in the variable z“\ that is 

( Tlt-l \ 

Y, oLjz^ + Y 

J =0 / 

j =0 j =0 

71* — 1 TTl, — 1 

= £ + Y 

j =0 j =0 

= + (say) (6.1.1) 

Now define for each j = 0, 1, . . - 

m,-l 

( 6 . 1 . 2 ) 

fc =0 

and for each j = 1, 2, . . . 

Qr»..(a''i/) = E wa*-'. 


(6.1.3) 



154 


Finally for each positive integer I, we put 


i-i 




7=0 

l-l 


/) - E Q'iX.M-'-, /)■ 

J = 1 


(6.1.4) 


(6.1.5) 


With the above notations genralizing a result of Walsh [58, p. 153] Cavaretta et al [12] 
established 

Theorem 6.1.1 [12] Let f{z) £ Ap and n.,)}“j^ be any sequence of ordered 
pairs of non-negative integers for which there exists an a with 0 < a < oo such that 


limm, = oo 

1—^00 

Then for each positive integer I 


and 


1 . 

Inn — = a. 


(6.1,6) 


l-l 


lim I s^^^ (z; f)-J2 /) [ = V|z| < 

' j=Q ' 


i(l+a) 


and for a > 0, Z > 2 


i-i 


1 ^ /) I = 0, viz] > pi 


In this chapter, motivated by tl results of Totik [56] and Sharma on I 2 approximation, 
we generalize and extend Theorem 6.1.1. In section 6.2 we give convergence theorems for 
polynomials in z and for polynomials in z“i seperatly, and in sectioa 6.3 we give their exact 
form. Further in section 6.4 we consider pointwise behaviour of /) and finally in 

section 6.5 we consider pointwise behaviour of /). 


6.2 In this section we prove convergence theorem, generalizing Theorem 6,1.1, for 
the sequence q, = (m, + n,)qo+p,qo > 1,0 < p < 90 and (m„n,) satisfying (6.1.6), for 
polynomials in z and z~^. 

Let 


hl,,o,aA^) = 
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Kl,qo,aiRi P) 


and for o; > 0 


pl+Z(l+Q:)® ^ ^ P 

pKl+a)90 0<R< p 


-S/,50, a(-R 5 P) 


1 

pK^+i)® 

P 

i?pKi+i)® 


if R>p 
if 0 < i? < p. 


Theorem 6.2.1 Let f{z) € and be any sequence of ordered pairs 

of non-negative integers satisfying ( 6.1.6) then for each positive integer I 


b'l^0,aj>{R) ^ -^/,qo,a(-S, p). 


(6.2.1) 


Specifically 

, lim|<-^(z;/)-E^SJ„,.(zi/)|=0 (6.2.2) 

where the convergence is uniform and geometric for \z\ < Z < Moreover 

the result of ( 6.2.2) is best possible in the sense that ( 6.2.2) is not valid on 
^z\ = pi+^®(^+“) for all f G Ap and all sequences satisfying ( 6.1.6). 

Before proving Theorem 6.2.1 we prove a lemma 


Lemma 6.2.1 


For f{z) = YX=o ^ 


k=0 j=l 


and 


A:=0 }=l 


k-Ut 


Proof ; 

OO 

f(^) = 53 

A:-0 

OO 

= E E 

Ar=0 k=qt-nt 

qt-Ut-l ^1-1 OO . , 1 . 

= ^ d- 53 53 

jfc=0 fc=0;=l 
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fc=0 k=0 7=1 


Now by the property 


Lq,-i (z-,z^g(z)) = Lg^_i(z] giz)) 


aad the fact that Lg^_i reproduces polynomials of degree less than or equal to g, — 1 we 


Qt-rit-l qi-l oo 

^jq,-n,+k2 ■^^‘) 

jfe=0 k=0 7=1 

k—Q J=1 ^:=0 

5,— n*-l oo q%—l 

= E ‘■.^‘^”'+EE ^jqi—n,+k^ • 

k=0 7=1 fc=0 


Thus, 


and hence 


m,-l m,+n,-l oo 

An,+n,-l('2^5 /) = + X/ 

Ar=0 *=0 7=1 


7 n,-l m,+n,-l oo 

*=0 fc=0 7=1 

m,— 1 n,— 1 oo 

^jq,-n,+kZ + 

*=0 ^0 7=1 

m,+n,— 1 oo 

k=nt 7=1 

m,-l mt-1 oo 7it-l oo 

= ajfcZ*+ ^ ^ 

k^Q h=0 7=1 

rrif — l 00 n, — 1 oo 

= EE ®7?.+*:^* + EE ^jqi-~ru4-k^ 

k=0 j=0 fc=0 7=1 


( 6 . 2 . 3 ) 


From (6.1.1) and (6.2.3) 


m*—! oo 

k=0 7=0 


(6.2.4) 


n.-l oo 
1:=0 7=1 


Thus, 


AS., .(■=';/) = 

7=0 


(6.2.5) 
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m.-l c» Tn,-1 1-1 

= Y, - Y Y^ji^+kz'‘ 

k~0 j =0 ^=0 ^=0 

m,-l 00 

k=0 j=l 


Similaxly 




,-0 

n,-l 00 n,~l i -1 

= YY «;9.-n.+ik^*"”’ -YY aj<l.-rH+kZ^~^ 

k=0 ;=1 jfc =0 7=1 

n ,— 1 00 

/b=0 7=/ 


Proof of Theorem 6.2.1 : Since / G Ap, thus a* = 0{{p - e)'*) for every p - 1 > 

e > 0 and k > koie). Let R be fixed and \z\ = R. Then by above lemma 6.2.1 


TTl , — ! OO 

h=Q j—l 

/rrit-l 00 I 

= o EE 


hence 


1 


(p-e)^* 


if 0 < i2 < p 


|A*l,i(^;/)|<ii: 


m . 


1 


if 

if 


R> p 
0< R< p 


where iiT is a constant which need not be same at each occurence. Thus, 




hl^qQ^a^{R) 


< 


limmax|A^^^ 


l— *00 j2|=ii 






^ ( p - e )'( i +“)■»+' 

1 


if R> P 

if 0<R<p 


since e is arbitrary, hence 




To show that the result of ( 6.2.2) is best possible, choose fi(z) — {p — z)~^ in Ap, and 
let be any sequence of non-negative integers with limi-^oom, = oo. For any real 



158 


a > 0, set n, = [arrii], the integer part of nm,, so that (6.1.6) is valid. Thus, 


rrit-l oo 
fe=0 3=1 


m,—l 00 


= EE^-‘ 

k=0 ^ 

rrit—l oo 1 

X 

/)^+l 

A:=0 ^ 7=1 ^ 

(pm. _ 

(p — ^:)p™’+('~i)«'(p« — 1) ' 

For \z\ = p^+^®(i+“), the above expression yeilds 

: |z| = 

X~40O 

(p(l+^«)(l+“))m. _ pm,^ 

i-^oo (p+ pl+^?o(l+a)^pm,+(^-l)((7T^4•[Q^m,])®+■p)(p(nl,+{om,])go+JJ 

p/9o(l+a)m. _ p-m,^ 

~ (p -|- pl+i®(l+“))p'((m.+[t»m,])go+p)^2 + p-((m,+(am,j)®+y)^ 

plgo(am,-[am ,) _ p-^'j 

~ 1^^ pP^(p + pl+^®(l+“))(l + p-((m.+[o!m,j)®+-p)j 
“ pP'(p + pl+^9o(l+a)) ^ 

where iT is some constant, showing that ( 6.2.2) of Theorem 6.2.1 is not valid at any point 
of the circle \z\ = p^+^®(n-a) j[j 2 this case. 

Theorem 6.2.2 Let f{z) € Ap and {(m„n,)}“i be any sequence of ordered pairs 
of non-negative integers satisfying ( 6.1.6) then for each positive integer I > 2 and 


> lim 


for a > 0, 


Specifically 


Ptgo.a.pC-^ ) — ’P)' 


(6.2.6) 




(6.2.7) 


where the convergence is uniform and geometric for \z\ ^ Z > A. Aloreover 

the result of ( 6.2.7) is best possible in the sense that ( 6.2.7) is not valid on 
\z\ — pi-'9o(i+i) for all f € Ap and all sequences satisfying ( 6.1.6). 

Since f £ Ap impUes a* = 0((p - «)"*) for every p - 1 > e > 0 and 


Proof : 
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k > ko^e). Let R be fixed, Izj — R and if R <C p then we assume e > 0 so small that 
R< {p — e) he satisfied, as well. Then by above lemma 6.2.1 

n,— 1 oo 
A;=0 7=/ 


(Ar-n, 


( n,-l oo 

= qI (pi)^ 

if 0<^</> 


hence 




rh 




(p-g) 


n. 




if R> p 

if 0 < R < p. 


Thus, 


if R^ p 

if 0<R< p 


< < 


(p— 

R-^ 


since e is arbitrary, hence 

To show that the result of ( 6.2.7) is best possible, choose fi{z) = (p- z)~^ in Ap, and 
let be any sequence of non-negative integers with lim^^oo m, = oo. For any real 

a > 1, set n, = [amj, the integer part of am,, so that ( 6.1.6) is valid. Thus, 

fc=0 }=l 

71, — 1 OO i 

^ YY 1 

Z-/ Z-/ ^qt-Ti^-hk+l 
A:=0 j=l ^ 


,k—nt 




(p"* - z^) 


'' p {p — ^)p"*+(^~‘^^‘(p^ — 1) 
For \z\ = p^-'®(i+a), the above expression yeilds 


t— >oo 


> lim(^^ )-"• 


(p -j- pl-i9o(l+i))pn.+(/-l)((»>^+i'«"*l)®+P)(p(’^'*-I"^‘l)«l-‘'P + 1) 
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> Um 

l—^OO 




> lim 


(P + P^ -^®(l+^))pK('"t-l-n,)®4-p)^J ^ p-((.rn,+n,)qo+p)'^ 
pJ®(i[<Mn.]-TO.)^2 _ p-^®(H-s)n,^ 


1^00 (p + pl-^®(l+i))pPi(l + p-((mtHam,])qo+p)'j 


~ pp'(p + p^~'®0+?)) ^ 

showing that ( 6.2.7) of Theorem 6.2.2 is not vahd at any point of the circle \z\ = p^-'®(i+i> 
in this case. 


Remark 6.2.1 For p = 0,go = 1 Theorem 6.2.1 and Theorem 6.2.2 give Theorem 

6.1.1. 


Note that for n, = 0, we have 

f) — f) = Lm,ga4-p-l{z, f)) 

which is the least square approximating pol 3 momal of degree m, — 1 to /( 2 ) at roots 
of unity where g, = rritqo + p. 

Also 

m,— 1 

^ O-k+q,]^ ■ 

A;=0 

Thus, 

Remark 6.2.2 For n, = 0 Theorem 6.2.1 give Theorem 5 [20] for sequence m,. 
Further, for n, = 0 if p = 0 and 5o = 1 then 

^^,o(^yf) = An,-l(-2) /) = Tm,_i(z; /)) = Lm,-\iz, f) 


and 

Thus, 

Remark 6.2.3 


m, — 1 

Pmloji^yf) — 0‘k+m,]^'‘- 

k=0 


For n. = 0 and p = 0, go = 1 Theorem 6.2.1 give Theorem 1 [12] for 


sequence m,. 
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6.3 In this section we extend Theorem (6.2.1) and Theorem (6.2.2) to show that 
equality holds in (6.2.1) and (6.2.6) for a special sequence. As a particular case we get 
extension of Theorem 6.1.1. 

Let 


m, = i, Vi and = ai + c, Vi (6.3.1) 

with 0 < c < a, a is an integer > 0. Thus Qi = (mi + 'i\)qo +p = (1 + a)qoi + (p + qoc). 
Our result is that for this sequence {(i,n.)}, equality holds in Theorem 6.2.1 and Theorem 
6.2.2. 


Theorem 6.3.1 If f ^ p > 1,1 is a positive integer and R> Q then 

^l,qo,ajiiII) ~ IIl,q)fii(R, P) 


Proof : 


Prom Theorem 6.2.1 we have 


^l,qo,oi^ilf) — IIl,(ii,a(R, P}- 


To prove the opposite inequality first let us consider R> p, so 

“EE 

fc=0 j=l 

= + E fl 

k=0 Ar=0 

X— /(l-!-a)^0“2 1—1 

A:=0 k=t—l{l’ta)qo-l 

i— 1 oo 

k=0 7=i+l 

1-1 

E 

ib=0 


E 0,lq,+kZ 

k=i—l{li-a)qo~l 




X — 1 oo 

-EE 

fc=0;=l+l 

Then by cauchy integral formula, for i — Z(1 + a)qo — 1 ^ h < i — 1 


<Zlq,+k 


Lf 

2m J\z\=^R 




yk-\-\ 


1—1(1 4-0!)^-2 

dz- YL ^ki+^ 


1 / 


. / 


2m J\z\ 


-~R Z' 


fc+i 


dz 


1 f 
^ ii=ii 

J L / Erie E^i+l <^jq,-tk'z'‘ 

zk+i ^ 2m J[z{=R 


= -/ 

27ri J\z\=R 


dz. 
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Hence by the definition of every e > 0 

K«l < ^5 + 

, (h,„^AR) + ^y , r( 'l 

Rk _ e)(n-i)?,+iy 

^ (^tgo,Q,p(-^) "b e) ^ / 1 

“ R^ ^(p — e)6+i)(*+’^)?o+i 

now choose e so small that 


^p — g)6+l)(l+“)9o+l pi(l+«)®+l ' 


Thus 




r.l(i-hrh)qo+i 


{f^l,qo,a,piR) + ^) ^ R O _|_ 


)go + i 


hence 


Iq^-rk 

hi,g„aj,iR) + e>^R‘ (\aig,^k\^) ‘ . 

Now since i — 1(1 + a)go — l<fc<i — 1 hence lim,^oo f — 1 thus, 


hl,qa,a^{R) + C ^ 


pi(l+«) 9 o-i-l 


e > 0 being arbitrary, hence 


hl,qa,aj)iR) > pH-I(l+a)® 

For 0 < i? < p in the same manner we have 


for R> p. 


k—0 j—l 

1—1 »-l oo 

jt=0 ^:=rO;=i-bl 

= X 3 “i9.+fc'^* "b 0.lq,+hZ 

k=0 k=l(,l+a)qo 

J-1 OO 

+EE %9.+fc^*' 

jt=0j=i-(-l 

I(l+a)9o-l ;zi . 

5: = ATZMf)- T. 

A:=:0 ^=/(l+Of)^ 

-EE 

k=0j=l+l 
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Then by cauchy integral formula, for 0 < A: < ^(1+ a)?o - 1 we have 


_ 1 f ^ 1 f 

- 2^iL.R ^ 




27ri 7iz|=iJ 


A:' = 1 ( 1 + 0)90 

^i-i -v^oo „ 

dz 


yfc+l 


dz 


Sjt'=0 Sj=i+l ^jq,+k/^ 


yk-hl 


-J 

I J\z\=l 


AS(+/)^ 


J 

I J\z\=l 




27ri 7|z|=iJ 27ri J|z|=ij 

Hence by the definition of hi^<g„aj>iR) every e > 0 

1 


yk+l 


dz. 


K,.+»l < (*w4?^+o 


< 


R’^ 

(hi, go, a,p{R) + e)* 




+ 0 


Choose e so small that 


(p _ eYM)<i.Rk^ 

(p_g)(/+l) 9 .j 


1 1 
< ^ 


(since 0 < A:). 


(p_g)(m) " pi- 


Thus, 


hence. 


(hl,90.a^(i?) + e)’ > R’’ I ^ 




hl,g,,aAR) + ^ ^ (l«J9.+-t!^) ' ■ 

% — voo ' ' 

Now since 0 < A: < Z(1 + a)go — 1 hence lim^-^oo ^ ^ thus, 


hl,q^,a,piR) + € > 


e > 0 being arbitrary, hence 


hi,90.o,p(i2) > ^i(T-S)^ for 0 < i? < p. 


Thus 


hl,q^,a,p{R') ^ Kl^q^^a{Ri P) 
and the proof for polynomials in z is complete. 

Theorem 6.3.2 If f G Ap,p > IJ > 2 is a positive integer and R> 0 then for 


a> 0 


9im 


,a,p{R-^)=Bl,q,,a{R-\p)- 
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Proof : From Theorem 6.2.2 we have 


9i,qo,<^>pi^ ) — ’ 9) 


For the opposite inequlity first consider R> p, so 


Jb=0 J-I 

= ^k,-ni+kz'‘~’^ + X] H 0‘] q ,- n ,+ kZ ^ "* 

fc =0 A :=0 J =/+1 


x - r < xy^— i 

' " h=nt—l(l-ha)qo 


7 H -1 

k—nt—l(li'a)qo 


, k —7 ii 


k =0 
n »— 1 00 

+ E E 

fc=0 /=/+-i 

n ,- J ( lT - Q :) 9 o— 1 
/:=0 

n ,— 1 00 

Jt=0 j=l+l 


Then by cauchy integral formula, for Uj — Z(1 + Q:)go ^ ^ ^ 1 we have 




^ ±1 Kl/rhll 

2m J\z\=R 


dz — 


dz 


2 ^+ 1 -n, 

n,— Z(l+a)qo*”l j|^ A ^k! —Tit 

1 r Y^'=^ ^jq,-n,+k^^ ' 

27ri iz|=i{ 2*+^""’ 


= — / 

27 rz J|z|= 




iz|=fl "• 

^ . V ^ n ,- lY^oo 


dz — 


n I\z\=R 


I3^i+1 ^ jq ,- n,+kfZ 


-dz. 


2mJ\z\=R 

by the definition of G,{R-') for every e > 0 and for n, - Z(1 + a)qo <k<n,-l 

, , . + I li 

\(ilq,-n,+k\ ^ 


< 


{9t,qo,aAR-') + ")"’ 




+ 0 


Choose e so small that 


, (P “ 

1 


pJ(i+i)9«-i ^ {p - 
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hence, 


Thus, 


+ «)*• > -of ~ 


, Jb-n, . j iqt-n^-hk 

9i,qo,aA^ )+e>jhmit:"> (laig.-n.-hkl’^^^^) “* 

Now since n, - 1(1 + a) < k < n, - 1 hence A = j t^us^ 

9l,qo,aA^ "h ^ ^ 


p^«i(l+5) 


e > 0 being axbitraxy, hence 

9l,qq,aA^ foP R > p. 

For 0 < i2 < p in the same manner we have 

/t=0 ;=/ 

71 , — 1 OO 

fc=0 ik=0 j=J+l 

/(l+a)qo-a-l 

~ X) “i9,-n,+fc^*~"’ + ^ aiq^-n,^kA 

^=0 k=l(l+a)qo-a 

n,-l OO 

X X "• 

i=0 ;=J+1 

l{l+oc)qo-a-l 

X <^lq,-n,+kZ^ ”* = ^/)— X <^lq.-n,4-kz'’~^ 

^=0 fe=/(H-a)®-a 

n,-l OO 

- X X 

*r=0 J=/-rl 

Then by cauchy integral formula, for 0 < A; < 1(1 + a) go — « — 1 we have 


1 / 


aiq,-n.^k - 2-KiL^i, 


■dz ~ 


n,-I ^ 

^kx~ny^-kf 

k‘ —l{\+a)q^-a 


J 

I Jb| = 




27ri Jbi=H 


--/ 
2x1 J|z|=fi 


E 7h~1 ^oo 

A;^=Q 2X;=^l4- 1 ^jqx-7h+kf^ 




yk-i-l-riy 


dz 


dz 


^ JL / 

2xi y|z|=ft 

s j rr-it. 


i- / 

2xi 7(z|=fl 




oLz. 


-rx* 
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Hence by the definition of since 0 < ^ < Z(1 + a)^o - ol for every e > 0 we 

have 

R-'^ \ 


K-n.4.i| < + 0 

< i9l,q^,ajp{R + e)"* ^ 

Rk-n, I 

Now choose e so small that 


^ {p — e) 6+1)9. 

' I ) 

(p - e) 6+1)9 .-". ) ■ 
1 


Hence, 

Thus, 


— £^(1+1)(1+5)9o- 1 pl(l+tt)90-l 


n. 


Iq ^- n^-hk 


9l,qo.aAR + e > ]imR ”■ • 

»— +00 ^ 

Since 0 < Ar < ^(1 + a)qo - oc hence linii^oo ^ = 0 thus, 


QhqOyOCJti ^ ) + ^ ^ 


R 


-1 


plqo{l+^)-l iJpl90(l+5) 

e > 0 being arbitrary, hence 

for 0 < J2 < p. 


Thus, 


and the proof is complete. 




Corollary 6.3.1 If Z > 1, / is analytic in an open domain containing 
1 z I < 1 and hi,q,,a^{R) = p) or = Bx,q,,^{R-\ p) for some i? > 0, p > 1 

then f E Ap. 

Proof : Given / is analytic in an open domain containing | 2 |< 1. 

Let / G A^,p' > 1 then by Theorem 6.3.1 hi,^,.^iR) = Ki,qq,a{R^ p'), and by the hypothesis 
hl,q,,a,v{R) = Kl,q„a{^,p) thUS 

Kl,qa,a{R^ P') — Kl,qa,a{^-> P) 

which by the definition of Ki^qq,a{R. p) gives p = p', whence / G Ap. Similar arguments can 
be given for the other case. 

For p = 0, go = 1 Theorem (6.3.1) extend Theorem 6.1.1. 


Remark 6.3.1 
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6.4 We now study properties of a set containing points in \z\ < p and j^j > p simul- 
taneously, regarding the number of points in N< p and \z\ > p, by de fining the concept 
of distinguished for the polynomials in z. 

If we set ^ 




(6.4.1) 


then from the result of Theorem 6.3.1 and the definition of P) follows that 

< Ki,g,,ai\z\,p), Set 

^l,qo,a,p{f) ~ /) P)K f ^ -^pi P > 1. 


Define a set Z of points to be {I, qo, a, p) distinguished if there is an / G Ap such that 


H^l,qQ,aiZj, f) < p), 


for each Zj G Z, That is .Z" C ^i, 5 o,a,p(/)- Suppose Z = is given in which jz^j < p {j = 
and \zj\ > p (j = p -I- 1, . . . , s). We want to find a criterion to determine whether 
Z is (Z, go, a, p) distinguished or not. Set the matrices X, Y, M ( X, Y ) as 


/I Zi 


X = 


Igo(l+a)-l \ 

Zi \ 


V 1 Z„ ... 


/I .»• _*9o(l-ra) V 

! 1 Z^^\ ... Z^^i \ 


\ 1 Zs ... 


The matrices X and Y are of order (p x Zgo(l+Q:)) aiid (s— p) x (Zgo(l+Q:)-|-l) respectively. 
Define 


/X 


\ 


X 


0 


M = M(X,Y) 


0 

Y 

Y 


X 

0 


Vo Y J 

where X occurs lqo{l + a) + 1 times and Y occurs Zgo(l + «) times beginning under the 
last X. The matrix M is of order {slqo{l + a.) + p) x Zgb(l + «){^9o(l + o:) + 1). We now 


formulate 
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Theorem 6.4.1 Suppose Z = {zj}l is a set of points in C such that \zj\ < p(j = 
1, . . . , and \Zj\ > p (j = p, + 1, ... ,s). Then the set Z is (I, go, a, p) distinguished iff 

rank M < lgo(l + a) + 1). 


Proof : First suppose rank M < lgo(l + O‘)(!go(l + a) + 1). Then there exists a 

non-zero vector b= (bo, bi,..., big^(i.i.a)(iga(i-ha)+i)-i) such that 

M.b^ = 0 (6.4.2) 

Set 

OO 

f(z) = 

iV=0 

= {bo+b,Z + .,. + X 

^ i9o(l+a)(J9o(l+0!)+l) ^ 

Clearly f E Ap and that 

av+(p+«c)i = (6.4.3) 



where N = Iqoi^ + Q!)(^?o(l + Q:) + 1)^^ + ^» fc = 0, 1, . . . , ^go(l + OL){lqo(l + a) + 1) — l,i>' — 
From (6.4.2) and (6.4.3), we have 


(!+«)- 1 

Y, aj,„(i+a>+fc+(p+,oc)j2; = 0 for each i and i = 1, 2, . . . , /x. 

A:=0 

and 

I<3'o(l+«) 

E a(i?o(i+a)+i).+^+(p+®c)!2? = 0 for each i and i = p + 1, . . . , s- 

k=Q 

For any integer i > 0 let r and t be determined by 


(6.4.4.) 


(6.4.5) 


Iqoil + (x)i + t = (Iqoil + «) + l)r, 0 < t < lgo(l + o) + 1 


then for jf > /i + 1 from (6.4.5) 

»-i ‘-1 k ^ * 

E afc+/*(l+a)»+(p+?oc)i'2j = S +E“*'+'«>(i+“)*+(p+«>‘=)'^i 

*=0 fc=0 
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^^^k-^lqo(l+a)%-k'(p+qQc)l^j ” 1 ” 
^=0 


+ 


_L -U n r , ti-lqo(l~i-a)\ 

' * ' * ' ^+^ 9 o(l+Qf)+/ 9 o(l+Q:)t+(p+^oc)/'^j J 

I f ^ j 

' \^^-t-^?o(l+«)+l4-/^(l4-a)i-f(p4-?oc)i'^j ' • • 

I t 

i^-{-2lqo{l’\-a)-\~l+lqQ(l-\-ct)i-i-(pi-qQc)l^j J i 

I / x-l-Zgo(l+a) 

. . . "f y^t-l-lqQ{l’^a)-hlqo(l-ta)t-]-(jp-hqQc)l^j 

t-l 

^ki’lqo{l+(x)ii-(p+qQc)l^j + 


(lq[i(l-{-a)+l)r-\-k-lqQ{l+a)t 


k=0 

lqo{li-a) 

+ XI ^(i9o(H-a)+l)r+A:+(p+®c)J + 

ik=0 

lqo{l-{-<x) 

, (Z?o(lTa)-hl)(r+l)+A:-/^o(l+a)i , 

“» 2^ ^G?o(l+'«)+l)(r+l)+A;+(p4-9oc)/'^_7 f . . , 

k^O 

/^o( 14 -q:) 

‘ 2 -/ ^(^^o(H“«)H- 1 )(i- 1 )+^+(p+^c)^' 2 ^j 

k=0 
t-l 

~ ^ki-lqo{l-\-a)t‘h(p+qQc)l^j + 

k=0 

X — 1 

, Y^ Y^ ^ (lqQ{l^a)-^l)i/-tk-lqQil^a)i 

' 2^ 2-^ ^iko{l-\-ot)-^l)i/-{-k-h(jp-hqoc)l^j 

k=0 f/=r 

t-l 

= ^aife+i,„(i+a)»+(p^,„c)i^j +0 (from 6.4.5) 

fc =0 

1 


e> 


(p - j ' 


(for large i) 


This for p < j < s gives 


KZ-(vJ) = 

t=/ k=0 

OO i-l 

= EE ®fc+t( 9 o(l+“)»+(p+?oc))'^j 
t=i fc=0 

1-1 it k 

— X! ^fc+lia)(H-«>+(P+ 9 oc)^^J X X ^fe-H(<;o(l-r«)»-i-(pT9oc))^j 
*:=0 4=1+1 1:=0 


= c? 


1 


(p - 


t)i 


+ 0 


(p_ e)«( 9 o(l+l}(Ha)+l) y ■ 


(6.4.6) 


Prom (2.3.8) and (2.3.9) by putting Z = /3 and m = lqo{l + a:) we find that for \z\ > p, by 



170 


choosing e suuficiently small, we can find 77 > 0 such that 

1 f iz,i Y 

(p — ^ ( pi?o(l+ce)+l (6.4.7) 

and 

kj f_hi V 

(p — ^ * (6.4. b) 

From ( 6.4.6), ( 6.4.7) and ( 6.4.8) we have 

f) = 0 for > p_ (6.4.9) 

Here and elsewhere rj will denote sufficeintly small positive number which is not same at 
each occurence. Now, let for any integer i > 0, r and t be determined by 

lqo{l + a)r + t = (Zgo(l + a) + l)i, 0 < t < Iqoil + a). 


Then for 0 < j < p, proceeding as before, jfrom (6.4.4) we have 


x-l ^ 

^k-{-lqo{l+€i)t-^(p+^Qc)l^j 

k=0 


E A;-iJgo(l+a) 

^k+(p+qQc)l^j 

k^lqo{l~\-a)t 

rlqoil^)-! 

E k~tlqQ(l+a) , 
^k’^{p^qoc)l^j "b 

k~lqQ{l-\-a)i 

, k^ilqoil-ha) 

^ 2^ ^k+(jp-^qoc)l^j 

k=rlqo{l+a) 


k+lqQ{l^a){i/-t) 


+ 


r-1 lqo(li-ot)-l 

T. E ^k+lqo(l+a)i/'\-{p-{-qoc)l^j 

i/=t k=^Q 

{lqo{l'\-oi)+l)i—l 

I - k~lqQ{l-ta)i 

^ 2^ ^k-^(jp-^qoc)l^j 

k=rlqQ{l~^a) 

0 + (6-4.4)) 

fc =0 

|2^|;9o(l-t-a){r-t) \ 


o 

o 


(p — e)'’'®0+«) J 

' Iz I* 
Kt] 

(p — g){^9o(l+“)+0* 


whence for 0 < i < p we have 

OO 1-1 

5 4^^ ^k'j-lqQ(l-hO!)t-j-(p+qoc)l^J "f* 2 ^ 2 ^ ^Ar-h^(^(ld~a)x+(p+goc))'^j 

A:=0 t=l-hl k=0 


= o 


k;l‘ 


(p _ e)(i9o(i+a)+i). ■*' (p - e)®('+i)(i+")’ J ■ 


(6.4.10) 
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Prom (2.3.21) and (2.3.22) for by putting Z = ^ and m = Z9o(l + n) we find that for |z| < p, 
by choosing e suuficiently small, we can find r)> 0 such that 


(6.4.11) 


(p — I p/go(l+a) 


1 ( 1 y 

_ g)(Z+l)go(l+«)l ^ lpko(l+Q:) • 


From (6.4.10), (6.4.11) and (6.4.12) we have 


/) - ^ ( lqa(l+a) \2j\ < p. 


(6.4.12) 


(6.4.13) 


Hence (6.4.9) and (6.4.13) gives 

f') < ■^i,®i“(l’^jl’ P)- 

For the convers part suppose f) < Ki,^,„i\zj\, p) (j = l, 2, . . . . s) for some f{z) 

Hh=o ^ -^P M = lqo{l + Q:)(Zgo(l + Q:) + 1). Set 

h{z) = A«,(z; /)->»+“> A®. 


00 1-1 


EE ^;((x+n,)go+p)+^'^ EE 


Jt=0 


Jb=0 




_ _ 

= X/ ^K(i+i+’^+«ko+p)+^'^ ^ ^ -f. 

^1=0 0 

OO X — 1 oo X 

4" ®j((i+ni)®+p)+fe'^ ®j(6+"»)®'*‘(l+Q)®+p)+;fc.2r 

;=;+! fc=0 ]=l+l fc=0 

J_1 »+i(l+a)?o 

“ X/ ®2((*+”>)9o+p)+*'^ ~ E ®l((i+n,)go+p)+^'^ 

A:=0 A:=l(l-bo:)go 

00 1-1 OO 1 

;=ld-l A;=0 j=i+l A:=0 

/2(l-ha)^o~l i”l i+l{l+Qf)^\ 

y )i:=0 ^=Z(l+a)<?o ^=/(1 t-o;)<?o / 

+0((ir,+l,,,„(|zl,p-6))*) 

i9o(H-a)-l ■ '®(l+«) 

= ^ £ a*+„+.z"+‘ + C»((i^i+i,,o,.(|.2r|,p-e))‘). (6.4.14) 

A:=:0 ^=0 

For 0 < j < p from (6.4.11) and (6.4.12) 

h(^Zj) = ^k+lq^j "I” 

A:=0 
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+a 


+ 


1 


(p — (p — J 

!go(l+o:)-l / < \ i 

= E + . 

Now from the hypothesis {j =1,2, 

/)!'/• = -^-„ 

for some t) > 0. Thus, 

/) < ^pj5o(i+a) - ^ + ej 

for i > io(e) and 77 > e > 0. Thus, 

Hz,) = 

hence from (6.4.15) we obtain 

^ «fc+i((*+n.)®+p)-2f = O - T}J . 

Similarly for j > p from (6.4.14) from (6.4.7) and (6.4.8) we have 

lqo ( l - ha ) 

A :=0 

+0 ( x’r. 77 ;” .C + 


/go(14-a:) 




?o(14-a) / I I y 

+ C? f ^ j • 

A:=0 / 

Now from the hypothesis /) ^l,qo,oi{\^j\i P) {j M "b 1 « 


,s). 




i(^go(i+“)-^i) 




for some 77 > 0. Thus, 


for i > io(e) and 77 > e > 0. Thus, 


H^i) = Ay,;f, AS, 


o 


pJqo{l+a)+l 


77 


(6.4.15) 
That is 


(6.4.16) 


(6.4.17) 
That is 
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hence from (6.4.17) we obtain 

?go(l+Q£) 




or, 


^9o(H-a) 


S ‘^fc+i((>+n.)?o+p)+»2j O 

Now, since (6.4.16) and (6.4.18) holds for aU i, put i = (Zgo(l+a)+l)v+A, A = 0, . . . . Zgo(i+ 
a) in (6.4.16) and i = lq^{l + a)v + A, A = 0, . . , , ^90(1 + o:) — 1 in (6.4.18) we have 

^^+^^(l+«)99o(l+o:)-|-l)i/-hA/^(l-|-a)+(p-i-9oc)/'^j ~ ^ f ptq(i{l^-a) ~~ ^ ) (6.4,19) 

(i = I7 • • • 5 A = 0, 1, , . . Zgo(l H- a);i/ = 0, 1, , . .) and 


m - 


(6.4.18) 


Iqoili-a) 


^k-{-(lqQ(l+a)+l)lqQ(l-ha)i/4-X(lqo(l+a)i‘l)-h(p’^qQc)l^j — 


Ar=0 


p/®(l+a)+l 






(6.4.20) 


(j = M + ^ ^ — 0, 1 , . . .Zgo(l + O') — 1; 1/ = 0, 1, . . .). 

"Now since 


pl9o(l+a) ^ plqo(l+a)’ 


lqo(l-^a)+l 


piqoil+a) 


< 


T]> 0 


1 


plqo{Wa)Qgo(l^a)-l) 


choose 771 such that 


or. 


0 <r}i < 


1 


p/^(l+Qr)(/go(l+a)+l) ^ pkoil+o:) * J 


\ lqoil^Q)+l 


\^pi®(l+a) 

hence (6.4.19) can be written as 


\ 09o(l+«)+l)'' 


< 


p/qo(l-a)0?o(l^a)-rl) 




lqo{l+ayi / Y ^ 

X] ‘^*:+'9o(l+«)0w(l+a)+l)i'+Ai9o(l+a)+(p+9oc)i-2^j = ^ ~ ] (6.4.21) 

k=0 ' 

(jf = 1, . . . , /i; A = 0, 1, . . . Zgo(l + a); i' = 0, 1, . . .). 

Similarly (6.4.20) can be written as 

y~^ ^*fc+(i9o(l+at)+l)I«(l+a)y+A(/9o(l+0‘)+l)+CP+®c)/'2j “ ^ I ^i®(H-a)(f9o(1 +'»)+0 ^1 (6.4.22) 

*=0 ' 
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(i — "1“ • • • 5 — 0? 1) • • - ^9b(l + a) — 1;!^ = 0, 1, . . .). 

Note that (6.4.21) and (6.4.22) can be written as 


where 


M.A^ = B 


( 6 . 4 . 23 ) 


(*^i?o(H'Q!)(/9o(l+a)+l)i’+(p+®ic)Z5 *^/®)(l+<i)G®(l+o)+l)t'+(p+?oc)Z+l5 • • • 1 

• • • ■) ®Z9o(l+«)(Z®(l+0!)+l)!'+(p+®)c)Z+Z?o(li-a)(Z9o(l-ra)+l)-l) 


and 

^p^?o(l+<»)(Z9o(l+«)+l) ^ ’ 

5 is a column vector of order ((sZgo(l + a)+ fi) x 1). 

Since rank M = Zgo(l + a:)(Z5o(l + cc) + 1), solving (6.4.23) we get 



for fc = 0, 1, 


<^/9o(l+Q;)(Z®(l+a)+l)t'+(p+goc)/+i ^ |^pZ 9 o(l+Q;)(Z®(l+o;)+l) ^ 

^5o(l + a)(Zgo(l + a) + 1) — 1. Hence 



which is a contradiction to / € Ap. 


Corollary 6.4.1 If either fi > Zgo(l + a) or s — ^ > Zgo(l + a) + 1, then Z is not 
[I, qo, ot, p) distinguished. 

If /i > Zgo(l + a) then consider the minor of M consisting first lqo{l + ti) rows of 
each X. Determinant of this minor is (?;an(l,2ri,22>---'.-2^fi))^*’°^^^*^~^^ ^ Obviously the 
number of rows in this min or is Z5o(l + <^)(^9o(l + ct) + !)• Similar arguments holds for 
s — Z5o(l + o) + 1. 

Corollary 6.4.2 If /x < s < Zgo(l + a) or /x = s < Z?o(l + ^)-> then Z is {l,qo.oc,p) 
distinguished. 

If/x < s < Zgo(l+Q:) or /x = s < Z5o(l+Q:), then number of rows slqo{1^0L)+P < Z?o(l + 
a).Zgo(l+a)+Zgo(l+a) = ^go(l+a)(Z 9 o(l+a)+l)- Hence rank M < lqoil+a){lqoil+ct)+l). 
From Corollary 6.4.1 we have 
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Theorem 6.4.2 Let f e Ap,p > i^a>0 and I > 1. Then 


P^^fo(l*fO:)4“l 


for all but at most lqo{l + a) points in \z\ > p. 

(ii) = ^ 

for all but at most lqo{l + a) - 1 points in |z| < p. 

Corollary 6.4.2 implies that Theorem 6.4.2 cannot be improved. That is 


Theorem 6.4.3 Let p> l,a>0 and 1>1. 

(i) // Zi, . . . , ziq^(i+a) (zre arbitrary Zg'o(l + a) points with modulus greater than p then 
there is a rational function f £ Ap with 




< 




j = l,...,Zgo(H-at)- 


(ii) If Zi,..., Ziqa(i+a)-i arbitrary lqQ{l + a) — 1 points in the ring 0 < |z| < p then 
there is a rational function f £ Ap with 




j = 1, . . . , lqo{l + a) — 1. 


6.5 In this section we study properties of a set containing points in |z| < p and |z| > p 
simultaneously, regarding the number of points in |z| < p and |z| > p, by defining the 
concept of distingmshed spirits for the polynomials in z~^. 

Let 


mt = i,Vi and n, = m,Vi, a is an integer > 0. (6.5.1) 


If we set 

f) = TS|0“,,(2-‘; 

I— *00 ’ 

then from the result of Theorem 6.3.2 and the definition of p) it foll<ws that 

/) < Bi^q^,a{\z~%p)- We shall say that a set Z C C of points to be (Z,</o.«,p ') 
distinguished if there is an / G Ap such that 

L'l,qo,aiZj ] f'^ < Bl^q^^ci{\Zj |,p), 


for each Zj G Z. 

Suppose Z = {zj}l is given in which \zj\ < p (i = 1, • . • , and jz^l > p (i = p + 1, • • • , «)- 
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We want to find a criterion to determine whether Z is (Z,go,a,P"') distinguished or not. 
Set the matrices X, Y, M ( X, Y ) as 

A 


/I fl .W'-M 




Y 


\ 1 Zs ... 2ho{l-o:)-l j 


V 1 ... zj^oil+<x)-l-<x J 

The matrices X and Y are of order (// x (lqo(l + a) - a)) and (s - fj.) x (lqo{l + a)) 
respectively. Define 




\ 


M = M{X,Y) 


0 


Y 


X 


Y 0 


Vo Y / - 

where X occurs lqo{l + ck) times and Y occurs Zgo(l + a) — a times beginning under the 
last X. The matrix M is of order (s(Zgo(l + a) — a) + /xa) x {lqo{l + q) — a)Zgo(l + a). We 
now formulate 


Theorem 6.5.1 Suppose Z = is a set of points in C such that \zj\ < p (j = 
1 ,.. p.) and \zj\ > p {j = p + 1 , . . . ,s). Then the set Z is (Z, qo, a, p~^) distinguished iff 

rank M < (lgo{l + a) — q:)Z9o( 1 + o). 


Proof ; First suppose rank M < {lqo{l + a) - a)lqo{l + a). Then there exists a 
non-zero vector b= (bo,bi,. . fe(jg„(i+a)-a)/qo(i+a)-i) 

A/.6^ = 0 (6.5.2) 


Set 


/(•^) ~ 


.N 


v=o 


{lqo(l'k'a)-a)lqQ(li-a)^ 


1- - 

Vp. 
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Clearly f € Ap and that 

dN+pl = 

where N = (Zgo(l + «) ~ a)lqo(l + q.)u + k, A: = 0, 1, , (Zgo(l + Q:) — ck)Zgo(H-Q:) 

From (6.5.2) and (6.5.3), we have 

a{i^ii+a)-a)i+k+piZj = 0 for each i and j = 1, 2, . . . , fj,. 

fc =0 

and 

!9o(l+a)-l 

Y1 aj?o(i+a)t+fc+p/'2^i = 0 for each i and j + 1, . . . , s 
k^O 

For any integer i > 0 let r and t be determined by 

{lqo{l +cx) — a)i + t — lqo{l + a)r, 0 <t < lqo{l + cn) 


then for i ^ + 1 from (6.5.5) 

n,-l n,-l 

fc-0 " ^0 

t-1 rit-l ^ 

~ ^A:+(Zgo(l+a)-CK)i+i?Z'^j "I” 

A;=0 

t-1 

k^O 

r / ^ <^Zq'o(l+-«)r+A;4-pZ'2^j 

it=0 

“ 1 " 2^ ^lqQ(l+CL){'r+l)+k-hpl^j 

k=0 

+ ^Zgo(l-i-a)(»~^)+^+P^'^7 

A;=0 

t-1 ^ 

k=0 

go( + ) X 1 Z4jo(l+oi!)i/-^A:-(Zgo(li"<*) 


t-1 


E E ^Zgo ( I +rt) ^ d-pZ 

ib=0 

g + 0 (from (6.5.5)) 

(for large i) 


k=0 

O 


(p _ g)(i9o(l+a)-“)» 


-n. 


= o 


^p _ g^(i?o(l+-r)-l)n, 


(6.5.3) 

-l,iy = 

(6.5.4) 

(6.5.5) 
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Tliis for ^ < j < s gives 

OO Tl,-! 

= EE O-k+bq.-n.z'^j ”■ 
b=l *=0 

*V~1 OO w*~l 

E ak+i,,-n.z';-^ + E E 0'k+bq,~n,Z^ 

■ ‘ 5=/+l jt=0 

\ / I 


k=0 

= o 


+ 0 


(p — J 


(p — £y9o(l+5)-l)n. 

Now choose ci > 0 so small that 

^ I - I - 

(p _ ej)!®(i+i)-i pi®(i+i) I ^ ^• 

Choose T7i > 0 such that 

1 u 1-1 

0 < ?7i < 


p2®(l+s) (p _ gj)l®(l+s)-l ■ 


Similarly choose €2 > 0 so small that 

1 


(p _ e2)(«+i)®(i+5) ^ p'9o(i+i) rj 

and choose 172 > 0 such that 

1 1 


Zj\ > p 


0 < 7)2 < 


Let 


From (6.5.7) we have 


pi9o(l+^) (p _ ^^Yt+l)qo{l-T^) 

e = min(€i, € 2 ) and 77 = 771471(771,772). 


< 


n. 


1? 


(p_g)(i®(l+i)-l)" \plqo(l-ri) 

Similarly from (6.5.8) we have 

1 / 1 

^p _ g)(i+l)9o(l+;K ^ Ypf®(l+o) 

From (6.5.6), (6.5.9) and (6.5.10) we have 

Now, let for any integer i > 0 , t* and t be determined by 


(6.5.6) 

(6.5.7) 

(6.5.8) 

(6.5.9) 

(6.5.10) 

(6.5.11) 


(Z^o(l -f- oc) — ct)r + t = ItjoO- "b <^)*» 0 ^ ^ IqqO- "b 
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Then for 0 < j < n, proceeding as before, from (6.5.4) we have 

ni~l n»-l 

k=0 k=0 

(lqo(l +«) -cr)i+n,* - 1 
A=(/^0(l-t-Of)— 0!)t 

(lgo(l-ha)-a)i-7i,-l 

A;=r(Z^(l-{-a)-a) 

r-l lqo(l-hce)~~a—l 

i/-i k=0 

(lqo(l -rO!) ~a)i+nt - 1 

+ E <^k+plZj' 

k=r(lqoil+a)-a) 

= 0 + E “-t+pi+r(^9o{i+a)-a)^y (from (6.5.4) 

fc =0 

j(/go(l+0:)~Qr)(^-^)-7^. \ 




fc-i?o{l+Q)» 


= o 
= o 
= o 

Hence for 0 < j < p we have 


(p — g)'‘(i®(l+a)-a) 

(p _ g^goO+a)* y 

' 1 ^ 

^(p-e)'®(^+a)'^/ 


n,— 1 oo n, — 1 

= E E E 0>k*-bq,-n,Z^j 

k=0 b=l+l k=0 


,k-n. 


o 


1 


-n. 


TiT + 


(6.5.12) 


(p _ gygo{H-;)n, (p_ g)(?o(J-l)(li-5)-l)n. J 
Proceeding as before we can show that for \z\ < p by choosing e sufficiently small we can 


find T) > 0 such that 


and 


Th 


< 






1-1 


t-i 


n, 


’ll < rj] 


(p- 

From (6,5.12), (6.5.13) and (6.5.14) we have 


for \Zj\ < p. 


(6.5.13) 


(6.5.14) 


(6.5.15) 
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Heuce (6.5.11) and (6.5.15) gives 

3 /) "^ ^p)- 

For the convers part suppose f) < , p) {j = 1,2,..., s) for some 

f G Ap and that rank M = (Zgo(l + o) - ct)lqo(l + a). Set 

oo rit — 1 

= EE ^y((.i+n,)qii+p)+k-n,Z 
j=i k=0 

OO Tit-ha—l 

J=l k=0 

n,-l 

E A:— 71, 

^I((t-hTh)qo+p)-i-^-n^-^ 

k=0 

Tij-f-a— 1 

^k-hl(l-i-<x)go~Th-a , 

^Z((i4'l+7i,+a)^o+p)+A:-7i,-a'* ' 

^=0 

CXJ 71,-1 

+ X/ X/ ®;((»+3i,)90+p)+fc-n,’2^ "* ~ 

j=Z+l fc=0 

OO 71,+a— 1 

^ yA;4-i(l+a)«)-n,-a 

/ . ^y((%-hrh)qo-i-(l-ra)qo-hp)+k-nt-o:^ 

;=/+! A:=0 

n*-l 7i,-r^(14-a)go“l 

A;=0 k=l(l-i-a)qQ-a 

oo 71,-1 

X^ X/ ^;((i+n,)^0+p)+A:-n,'2^ ^ 

;=i+l A:=0 

oo n,-ra-l 

A:4-i(l-f-a)^-7i,“a 

/ V ^j((i-hJh)qo-h(l-rQ)qQ-hp)-i-k-~nt-a^ 

;=Z+1 it=0 

( Z(l+a)go“<*“l 71,-1 71,-1 

E + E - E - 

k=0 k=l(l+a)qo~a k=l(l-n)qo-a 

n,i-I(l+a)9o-l\ 

E ■ P - '))"■) 

k-Ut ) 

lqo{\+a)-a-l ;®(l-o)-l ^ 

= “fc+(i9o(i+a)-a)i+Jp/-z*~'^ “ Xi aiW9o(n-r}.-;p'Z + 

i=0 <^=0 


For 0 < j < p from (6.5.13) and (6.5.14) 

lqQ{l+a)-a-l 




k=0 



i.UJL 


+0 


(p _ g)a®(i+^)n. (p - e)a+i)®(i+^K) 


■ + 




/go(H-cr)-a'-l 


^k-h(lqo(l+0')-a)t-hlp‘^j ^ ^ O 


1-1 


n. 


A;=0 


oko(l+i)-l 


Now from the hypothesis Gi,qa,a{z^ ^ /) < Bi^q^^a{\zj\ \ p) (^' = 1, 2, . . . , /i) 


n,— >oo 


1-1 


for some 77 > 0. Thus, 

for n, > no(e),0 < e < 77 > 0. Thus, 

h{zj') = 


n. 


1-1 


n, 




^pZ^o(l+i)-l 
hence from (6.5.17) we obtain 

lqo{li-a)~a-l 


-T) 


..k znf 1 

X, 0.k+ilil+a)<ta-a)i+lpZj — G I . 
fc =0 

Similarly for j> n from (6.5.16), (6.5.9) and (6.5.10) we have 


71 , 


m 


i<2o(l+0!)~l 

h{z~^) = - 12 afc+i90(l+a)«+Ip^; + 

fc =0 


-n, 


“hO 


+ 


(p ^)(i^(l+s)-lK (p - e)0+l)«)(l+^K 
Z<?o(1+Q:)-1 ^ \ ^ 

it=0 


^pko(l+^) 




Now from the hypothesis 5 /) /i + fr . 

n,-^CX5 




TT-'?- 


for some 77 > 0. Thus, 




n. 


for rii > no(€), 0 < e < t}. Thus 

h{zj') = 

1 


= o 




-77 


(6.5.17) 
. That is 


(6.5.18) 


(6.5.19) 

. . , s). That is 



J.UX, 


heace from (6.5.19) we obtain 


lqo(l+a)-~l / ^ 


n ■ 


(6.5.20) 


Now, since (6.5.18) and (6.5.20) holds for all i, put i = lqo{l+a)u+X, A = 0, . . . , lgoil+a)-l 
in (6.5.18) and i = (^ 90(1 + a) - Q:)i^ + A, A = 0, . . . , Z9o(l + a) - a - 1 in (6.5.20) we have 




(i = 1) • • • ? -^ = 0) 1) - • • Zgo(l + o;) — 1; t' = 0 , 1 , . . .), 


a(i^o(lTft)i/4-A) 


(6.5.21) 


/< 5 fo(l+«)-l 


/ 1 

2J ^Mqoil-^ot){lqo(l-^aya)u-^Xlqo(l+^^ = O | ^ 


)r((l^o(l+Qr)-Q)£/-f A) 


(i = /^ + 1, . . . , 5; A = 0, 1, . . . Zgo(l + a) - a - 1; = 0, 1, . - .). 


Now since 


1 ^ 1 

\ alqQ(li-a) 


T) > 0 




5(/?0 ( l-i-or) -a) I90 ( 1 +a) 


choose T]i such that 


0 < 771 < 


p{lqo{l+a)~a)lqo(,l+a) >^(1+1) 




alqo(l-a) 


(6.5.22) 


3^9o(l+i)-l 


hence (6.5.21) can be written as 

lqQ{l-\-a)-a—l 


alqQ{l+a)i^ 


Mqo(l-ta)-a)lqo{l±a) 


fa)— a — 1 / j 

E (^k+{lq(i(l+a)-a)lq(i{l+a]f+X(lq„(l+a)-a)-(j>+qoc)lZj — O { 

fc=o 


);<7o(i+f») 


(6.5.23) 


(j' = 1, . . . , /x; A = 0, 1, . . . Zgo(l + «) — 1; ^ — 0, 1, . . .). 
Similarly (6.5.22) can be written as 


lqo(l-i-a)-\ 


A ^ ^ ( 0(/9o(l + «)~“)^®(l ■f'“) (6. 5. -4) 

jt=0 ^ 

(j = /i + 1, . . . , s; A = 0, 1, . . . Iqoil + «) - « - 1; = 0, 1, . . .). 

Note that (6.5.23) and (6.5.24) can be written as 


M.A^ = B 


(6.5.25) 





where 


(,^(lgo(l-hoi)—a)lqo(l+oi)i'+ph ®(/9o(l+ot)— a)i?o(l'HJ!)t'+pi+l> • • ■ i 

• • • ) ®(J9o(l+a)-0()i9o(l+Q:)t'+-pi+(ia(l-t-a:)-a)igo(l-t-“)-l) 


and 

^p(^9o(l+a)-a)/®(l+a) ^ ’ 

5 is a column vector of order ((s(^5o(l + a) — a) + fia) x 1). 

Since rank M = (Zgo(l + «) — a)Zgo(l + <3;)i solving (6.5.25) we get 

a‘{lqo(J+a)-a)lqa{l+a)i'+pl+k = O |^^(i5o(i+a)_a)/5o(l+a) “ 

for A; = 0, 1, ... , (Z?o(l + ct) — a)Zgo(l + «) — 1- Hence 

limlaj/p^" < - 

v-»oo‘ p 

which is a contradiction to f E Ap. 

Corollary 6.5.1 If either /x > Z^oCl -hoc) — a or s — /j,> lqo{l + o), then Z is not 
(Z, qo, a, p~^) distinguished. 



If ^ > Zgo(l + o) — O' then consider the minor of M consisting first ZgoCl + o) — a rows 
of each X. Determinant of this minor is (uan(l, 2 i, 22 i- • 7^ 0. Obviously the 

number of rows in this minor is (Z?o(l + ft) ~ ft)Z9o(l + ft)- Sumlar argmnents holds for 
s — fi> lqo{l + ft). 

Corollary 6.5.2 If /x < s < Iqoi^ + «)— Q;or/x = s< Z^oCl -b ft) ft. then Z is 
(Z, go, ft, P“^) distinguished. 

If /X < s < Zgo(l + ft) - ft or ^x = s < Zgo(l + ft) - ft, then number of rows (s(Zgo{l + ft) - 

a) + /xft < (Zgo(l + ft) ~ ft)(Z?o(l + ft) — ft) + (Zgo(l + ft) — ft)ft = (Z9o(l +ft) ~ ft)Zgo(l + <0- 
Hence rank M < (Zgo(l + ft) •“ oc)lqo{l + ft). 

From Corollary 6.5.1 we have 


Let f G Ap,p > l,ft > 0 and I >2. Then 


(i) 




Theorem 6.5.2 
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for all but at most ^go(l + a) - 1 points in \z\ > p. 

(ii) 

^ ^ pZ9o{l+i)-l 

for all but at most iIgo(l + Q:) ~ Q: ~ 1 points in |z| < p. 

Further Corollary 6.5.2 implies that Theorem 6.5.2 canaot be improvrd. That is 


Theorem 6.5.3 Let p > l,a > 0 and I >2. 

(i) If Zi,. . cire arbitrary lqo(l + a) — 1 points with modulus greater than p 
then there is a rational function f £ Ap with 


I — ’ •' 


pkoa+^y 


Z = l,...,Zgo(l + Q:)-l- 


(ii) If Zi,..., ziqg(^i+a)-a-i 0,^'^ arbitrary lqo(l + a) — a—\ points in the ring 0 < |z| < p 
then there is a rational function f £ Ap with 


*— irsn ^ *' 


1^; 


!-l 




j = 1, Zgo(l + a) — a — 1. 



Ckapter 7 


WALSH OVERCONVERGENCE OF FUNCTIONS 
ANALYTIC IN AN ELLIPSE 


7.1 Mostly authors have considered the functions analytic inside a circle. Rivlin was 
the first to introduce the functions analytic inside an ellipse. Suppose 1 < p < oc. Let 
Cp be the ellipse, in the 2 -plane, which is the image of the circle |u;| = p, in the tt'-plane, 
under the mapping 

w -f 1/to 
^ 2 ■ ' 

This mapping maps the exterior as well as the interior of |u;| = 1 in a 1-1 conformal fashion 
on the (extended) 2 -plane with the interval [—1, 1] deleted. Each pair of circles jio| = p, 1/p 
is mapped onto the same ellipse in the 2 -plane, Cp, with foci at (±1,0) and the sum of 
major and minor axis equal to 2p. 

Let A{Cp) denote the class of functions, /, analytic inside Cp and having a singularity on 
Cp. Let 

f{z) = YAkTk{z) (7.1.1) 

where Tk{z) = (w^ + w~^)l2 is the Chebyshev polynomial of degree k and the stroke on 
the summation sign means that the first term of the sum is to be halved and 

where F is |u;| = R. 

Rivlin [38] showed that for / S A(C,) and having expansion (7.1.1), 

Ai = 0(p-e)-‘ 
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for every e satisfying 0 < e < p — 1 and k > ko{e). Let q = q{Tn, n) = mn -|- c where Tn is 
an integer, m > 1 and c is integer satisfying 0 < c < m and 0 < n. 

We begin by considering the interpolation at zeros of Chebyshev polynomials. Let 


3;(ef) = 0, i = 


Given / G A{Cp) we put 


““ = ; E i = 0, 1, . . . 


(7.1.3) 


that is is the result of approximating .Ajt ( given by (7.1.2) ) by the appropriate Gaussian 
quadrature formula. On substituting (7.1.1) in (7.1.3) and using a property of Chebyshev 
polynomials (see (18) [39] ) we obtain for k <q, 


Now put 


Then it is known [39], 


{A2;,q-k + A2yq+k)- 
;=i 


Un-uiz; f) = '^''o’k^Tkiz), n<q. 
k=0 


«n-l,g(^;/) = S'„-l(z;L,_i(/,r)) 


where 5„_i(p) is the n — partial sum of the chebyshev series of g{z) and Lq-i{f,T) 
is the Lagrange interpolating polynomial of degree at most g — 1 to / at zeros of T,(z). 
Moreover if g > n - 1, Un-i,q{z]f) is the least squares approximation of degree n - 1 to 

„+i is the best uniform approximation to / by polynomial of 
degree at most n — 1 on Thus, 

U^--iJz: f) = Ak +Y'.i-iyiA2w-k +^2jgTA:)l Tk{z). (7-1.4) 


/) = + A2jq^k) Tk(z). 

k=0 V 2=1 / 


Sn-\o{z',f) = Yl'^kTkiz). 


(7.1.5) 


With these notations Rivlin [39] proved that 


Theorem 7.1.1 [39] If f ^ P > ^ integer greater than 1 then 


lim /) — 5„_i.o(^!; /)} — 0 


(7.1.6) 
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for z inside Cfpm-i, the convergence being uniform and geometric inside and on Cr 
for any i? < \ where q = mn + c with m > 1 and c a fixed integer satisfying 

0 < c < m. Moreover, the result is best possible in the sense that (7.1.6) does not 
hold on Cp 2 m-i. 


Now as in [39] consider extrema of Chebyshev polynomials. Let 


tM"') = (-1)^ 


i = 0, 1, . . . , g. 


Given / G A{Cp), put 


k = 0,l,... (7.1.7) 

(double stroke on the summation sign means that the first and last terms are to be halved 
) that is is the result of approximating Ak ( given by (7.1.2) ) by the Lobatto Markov 
quadrature formula. On substituting (7.1.1) in (7.1.7) and using a property of Chebyshev 
polynomials (see (19) [39] ) we obtain for k < g, 


If n < q, put 


Then it is known [39], 


^k^ = Ak+ '^(A2jg-k + A2jg+k)- 

J=1 


n-1 


( 2 ;/) = E'tniz). 


Jk=0 


tn-u{z-J)=Sr,-^{z-Lg{f,U)) 


where 5„_i(p) is the (n — 1)^* partial sum of the chebyshev series of g{z) and Lg[f,U) 
is the lagrange interpolating polynomial of degree at most q to f at extremas of Tq(z). 
Moreover if g > n — 1, tn-\.q{z; f) is the weighted least squares approximation of d(>gr<‘e 
n — 1 to / on the weight 1 being associated with < i < q and weight 

^ with while tn-i,n{z\f) is the best uniform approximation to / by polynomial of 

degree at most n — 1 on Thus 

n -1 / 00 \ 

f) = Ak + Y^{A2jq-k + A2jq>rk) 1 Tk{z) . (7.1.8) 

k=(j \ J = \ ) 

With these notations Rivlin [39] proved that 


Theorem 7.1.2 [39] /// G A(C'p), p>l and m is an integer greater than 1 then 

lim {tn-i,q{^'i f) ~ ^n-i o{^] /)} = 0 (7.1.9) 
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for z inside Cf; 2 m-i, the convergence being uniform and geometric inside and on Cr 
for any R <i p , where q = mn + c with m > 1 and c a fixed integer satisfying 
0 < c < m. Moreover, the result is best possible in the sense that (7.1.9) does not 
hold on CfP.m- 1 . 

Further Rivlin [39] had considered 


which is the average of least-squares approximations of / on the chebyshev zeros and 
extremas. Hence from (7.1.4) and (7.1.8) we have 

'Wn-l.qiz; f) = n A2jq.rk^Tk{z) 

A:=0 V ;=1 ^ / 


n—1 j OQ \ 

Yl\Ak + ^(^4^5-^; + A4jq+k) I Tk{z). 

k=0 \ j=l J 


Put 


r„-l,l,5(.Z; /) = f) - Sn-lfi(z-, /). 


Since from (7.1.5) 

n~l 

Sn-i.o{z) = Y^AkTk{z) 
k=0 

thus, 

n—1 / oo \ 

'^n-l,l,q{z\f) = 53'' +^4;g+fc) 1 3\(z). 

fc =0 \j=l J 

With the above notations Rivlin [39] proved that 


Theorem 7.1.3 [39] If f £ A{Cp), p > 1, then 

n 

Urn (t„_i,,(z;/) - s„-i,o(2;/)) = 0 (7.1.10) 

n-400 

for z inside Cp*m-i. The convergence being uniform and geometric inside and oti Cr 
for any R < p^'^'S where q = mn + c with m > 1 and c a fixed integer satisfying 
0 < c < m. Moreover, the result is best possible in the sense that (7.1.10) does not 
hold on Cp*m~i. 

If for 0 < A < 1 we consider 


Wn-l,q,k{^] f) = Au„-l,g(i!; /) + (!- A)fn-l,«(-2'; /) 



then from (7.1.4), (7.1.5) and (7.1.8) 


Wn-l,q{^'i f) ~ f) ~ f) 0- ~ f) ~ 

■^57i-1,o(’^5 f)~~0-~ A)s„_i,o(-2, /) 

= X(Uji^i^q{^Z] /) 5n— l,o('^i /)) 4" 

(1 ~ A)(tn-l,5(-2^j /) ~ '®n-l,o(-2^5 /)) 

= A (■^ 23 q-h + ^2;,+*:) + 

ife=0 \ i=l 

+ (1 — A) ^{-Mjq-k + -^2;?+*) j Tk[z) 

J=1 / 

n-1 / oo 

= S(^2;5-*: + Mjq+k) + 

i=0 \j=l 

— 2A ^ {A^jq-k -A.2]q+k) 1 Tk{z) 

jisodd / 

= Yfi 0--~ 2A) '^{A2(2j-l)q-k + A2(2j-l)q+k) 
Jfc=0 V ' J=1 


(7.1.11) 


+ ^{A^jq-k + A4jq-\-k)j Tki^) 

Looking at above expression we find that for A {Wn-\,q{Zy f) — 5n-i.o(-2, /)}n=i 
converge to zero in C'p 2 m-i and for A = | , {Wn-i,q{z\f) - s„-i,o(-z; /)}„=i wifl converge to 
zero in the larger domain C,--. as shown in Theorem 7.1.1, Theorem 7.1.2 and Theorem 

7.1.3. 

Put for j = 1, 2, . . . 

= 2^(A(-l)HA2;,_fc + A.jq+k) + (1 - A)(A 2 ;,-fc + A 23 q^k)) Tk{z). (7.1.12) 


For I > 1 define 




(7.1.13) 


9l,rnAR) = il® 


(7.1.14) 


Motivated by tbe results of Cavaretta et al [121, Ivanov Sr Sharma Il9) and Mk [55], 
in the present chapter, we first extend and then make exact the Rrvhn's result, 
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7.1.1, Theorem 7.1.2 and Theorem 7,1.3 for the functions anal 3 rtic inside a ellipse and 
represented by Chebyshev series. We also consider the poinwise behaviour of the sequence 
/)} inside as well as outside its region of convergence. 

7.2 In this section we give convergence result for the sequence /)} which 

for particular cases give Theorem 7.1.1, Theorem 7.1.2 and Theorem 7.1.3. Next we ttiaVp 
this result exact. We first have 


Theorem 7.2.1 If f G P > 1) ^ > 1 then for R > 1 and ml > 1 



(7.2.1) 

and for ml > 1 


9i,m,x{R) < forX=^. 

(7.2.2) 

More precisely, for A ^ 


(r„-u5,A(z;/)) = 0, 

(7.2.3) 


for z inside The convergence being uniform and geometric inside and on Cr 

for any R < where q = mn + c with c a fixed integer satisfying 0 < c < m,. 

Moreover, the result is best possible in the sense that (7.2.3) does not hold on C^pim-i 
and for A = | 

for z inside Cptim-i. The convergence being uniform and geometric inside and onCR 
for any R < where q = mn + c with c a fixed integer satisfying 0 < c < m. 

Moreover, the result is best possible in the sense that (7.2.4) does not hold on 

Proof As mentioned in the begning since / € A{Cp) we have 

Ak = 0[p - (7.2.5) 

for every e satisfying 0 < e < p ~ 1 and k > A:o(^)- 

Let z£Cr,R>1 then for A 1 clearly from (7.1.11), (7.1.12) and (7.1.13) 

n-1 oo 
Jt=0 j=l 

+ (1 ““ Tfc{z) 



{^2jq-k + A2,g+k) )Tk{z), 

k=0 j=l 

fc=o :=1 ^ 

where \ = (A(— 1)-^ + (1 — A)), j > 1. Hence from (7.2.5) 


(7.2.6) 


= O 


^ V' //- .\T>\l‘ , f (P 




^ ((^) ■" ((7^) 


= o 


(p - 6)2^9-" 


which gives 


9i,mA^) ^ 


(p-eY 


e being mbitraxy small, we have 


9lm,x{R) < p2lm-l' 


Next for A = I from (7.2.6) 


A:=0 ;=i ^ ^ ^ 

^2^9+*))) Tk{z) 

n — 1 00 

= + ■^]q+k)Tk{z) 

k=0 j=l 

n-l 00 ,^|A: i 

= + ^4j9i-i:)( « ^ 

A:=0 j=l 


hence from (7.2.5) 


( n— 1 oo / 

E''E 

jk=Oj=i V 


1 1 

— r: r + ■; C 






+ {(^) + (^) 1 ) 


(p - e)'*'®"" 


(7.2.7) 


0 
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which gives 




R 


(p-e) 


4Zm— 1 * 


e being arbitrary small, we have 




R 




Now to show that result of (7.2.3) is best possible, consider 

C» 


^=0 


where 0 < a = p ^ < 1. Clearly fo{z) G A(Cp). Put zo = ^A±p . 
(7.2.6) 




(7.2.8) 


G Cpiim-i then from 


n-1 00 

^n-l,l,q,A(^Oy fo) ^ T'ki^o) 

k^Q 

~ 'H'Yl \ (^2j9-A: + A2jq^k)Tk (^o) 

fc=0 ]=l 

n-1 00 ^(2ml-l)it , 

= EXA;(^^--*' + a^--^)(^ ) 

fc=0 ;=I ^ 

^ ;=i k=0 


hence 

|r„_i,;,g,A(2o;/o)l > 
> 

> 

> 


O' 


2ql n-1 


2(1 - a'*) ti 


Et“‘ + a“*)(a‘^”'"”‘ + 


/v2?i 

Q,-2inl(n-l) 


2(1 + a^) 

^2l{mn+c) 


a 


4 

2lc-h2ml 


-a 


-2mln+2ml 


>0 


(4mi i] ^ 

^ 5 E I 


stiowiiig tli3.t (7.2.3) of Thoorcm 7.2.1 is not valid at a point on Cpiim-i in this <asp 
Now to show that result of (7.2.4) is best possible, consider zj 
then 

n-1 oo 

^, 1-1 / 9 i (•2i; fo) = E^E(-^4;9-i + Aijq+k)Tk{Z\) 

Jt=0 J=l 

n-1 00 (^(4ml-l)fc I 

= 2 ^ 

k=0 j=/ 


2 
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^ M /b=o 
1 

213 ^ Jiy + 


hence 


a 


,4^/ 


|r„-i,i,,,i(2i;/o)| > 2(1 + 

^4Z(mn-hc) 


-4mZ(n— 1) 


> 


> 


-a 


4min-f-4mZ 


a 


,4Zc+4TnI 


> 0 


showing that (7.2.4) of Theorem 7.2.1 is not vg^d at a point on Cp*Td-i. This completes the 
proof of the theorem. 

Remark 7.2.1 For A = 1 and 1 — 1 Theorem 7.2.1 reduces to Theorem 7.1.1. 

Remark 7.2.2 For A = 0 and I = 1 Theorem '7.2.1 reduces to Theorem 7.1.2. 


Remark 7.2.3 For A = | and I = 1 Theorem!7t.2.1 reduces to Theorem 7.1.3. 


Remark 7.2.4 


For the case A ^ ^ from (7.2.6) we have 


n-1 oo 


rn-l,i, 5 ,A( 2 ; /) = (A,(A 2 „;-fc + j42j<,+fc)) Tk{z). 

k—0 j=l 

Hence for g = n i.e m = 1, c = 0 and Z = 1 we have 

n— 1 oo 

Tn-lXnA^'i f) = 13^51 (^j(^2;n-<: + A2;„4-i))T*(z). 

fc=0 j=l 

Now consider fo{z) given by (7.2.8) and put z-i = ^ 2 ” ^ then 

n-1 00 

l^n-lXn,\iz2]fo) = y2X('^j(^2jn-fe + ^2;n+fc))rfe(2;2) 

*:=0;=1 

n-1 00 C)/^ J- 

= E'E 

ifc=0;=l 

n-1 


1 00 7i- 1 

= i ^ ) 

2 2=1 fc=0 


hence 


2n n-1 


\Tn-lXnAz2\fo)\ > 
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> 

> 

> 


a 


2nl 


2(1 + 

,2n 

-2n+2 


Qr 2(n 1) 


a 


-a 


T>»- 


Which shows that for A 7^ does not exhibit Walsh equiconvergence for 

f = fo and 2: = 2:2, while for A = | for g = n i.e. m = 1, c = 0 and Z from Theorem 
7.2.1, i „ 1(2:;/) does have Walsh equiconvergence property within C^. 

Next, we make exact Theorem 7.2.1. In fact we show that in (7.2.1) and (7.2.2) equality 
holds always. 

Theorem 7.2.2 If f ^ A{Cp),p >1,1 is a positive integer and R > 1 then for 
ml > 1 

and for ml>l 

R 1 

9lmAR) = -^, f^^=2- 

Proof Let R be fixed, \w\ = R and 1 < J?. Then for A 7^ | from (7.2.1) we have 

R 

for 1< i? < oc 

To prove the opposite inequality, from (7.2.6) we have, 

n— 1 OQ 

In-\,Uq,x{z] f) = iKi^2jq-k + ^2j<r+fc)) Tk{z) 

fc=0 }=l 

= Y^{M{A2lq-k + A2lq+k)) Tk{z) + 

fc=0 

E'f; + 

i=0;=i+l 

n-2ml / i 

= + -^2l<3r+fc) { ; 

A:=0 ^ 

n-1 

k-=n-2ml-¥l 

+ X/ ^j{^2jq-k + ^2jq-\-k) 
k=Q 


• W 


+ 


f w'‘ w 

K 2 '“ 

'w'" + 


+ 


2 
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Thus, 

k=n-2ml+l . „ I 2 


n— 1 / 

53 { ^2lq+k 

Ar=n— 2mZ-|-l \ 


to* + u; 


+ -^^Iq-k 


to* + to * 


-E'E 

*=0;=/+l V ^ 

gives, by Cauchy integral formula, for n - 2ml + l<k<n-l, 

lxiA2iq-k = ^/ 

z ^7rt j|to|=i? 

1 n-2mi 1 y , 


Vl=it to* 




.-J_ y- t 

fc'=n^mZ+l 2 


y I 

^ ^ /c 






AK=n~2mZ*f”l 




E^Z+1 '^j(^2j 9-A:' + ^2j9+fc' 




= — / 

27rt 7|u)l= 


!_ f r.-i,, ^ _ 1;^ ^ _ 

TTt 7 |u,|=R U;*:+1 2 

1 r llV=0 E^2+1 {A2jq-k' + A2jg^k') 

27ri Jiwl=R 10*'^^ 


Hence by the definition of gi^rn,\{R) and (7.2.5) we have for i2 > 1, every n > no(e) and a 
constant M, 

I , A9iMR)+er ^ ( 1 i?-* \ 

\A2ql-k\ < -M ^ _ ^X2Z<7+*: _ ^^2(^-^l)9-n I 


1 ^ 

(p _ e)2Z,+i + (p _ e)2a-i)9-n 


< M — — + O 

“ it* 


- \^(p_g)2Zmn+n ^ (p_ e)2a-rl)mn-n 

Now choose e > 0 so small that 1 < p — e and 

1 1 
^p ^^2Z7n4'l p2ZT7i— 1 


(7.2.9) 


(p _ g)2(Z+l)m-l p2;m-l 


this together with (7.2.9) gives 


\ A I ^ %r{9l,m,x{R) + I p I L- 

l-42,J-i| < M I p(2Zm- 



or, 


heace, 




9i,mAR) + e > lim , , , 

n-oo M 



?3t± 


{\A2,i-ic\^y 

Now since n - 2ml + l<A:<n-lwe have, ^ = 1 and so 

R 


9i,m,x{R) + e ^ 


Since e is arbitrary, this yields 


9l,m,x{R} ^ 

which completes the proof for A 7 ^ ^ 


Next for A = I from (7.2.2) we have 

9l,m,x{R} ^ 


R 


r.21m—l ■ 


pllm-l ' 


for iJ > 1 


R 




for 1 < i? < 00 


To prove the opposite inequality, from (7.2.7) we have, 

n-1 00 

f) “ ’^i7a+k)Tk(z) 

k=Q j—l 
n-1 

= Y^{Ailq-k + ^4I?+fc) 


w'‘ + W ' 


+ 


w’‘ + w 


jfe=o \ ^ 

n— 1 cx) 

+ XI (-^4;?-* + Aijq+k) 

fc=0;=J+l 
n—4ml 

~ A4lq^k) 

k^O \ 

n-1 / 

+ X {Ailg-k + Anq+k) { 

^=n-4m/+-l \ 

n-l 00 

+ X iAjq-k + Aijq+k) 

k=Qj=l+l 


w'^ + W' 


+ 


u;* + w" 

+ W 


+ 


Thus, 

n-1 


A:=n-4m/-j-l 


- n~4ml 

it=0 ' 


+ w' 


w'‘ +w 


n-1 / 

I AilqJ,-k 

)!:=n~4mi+l \ 
n-1 00 

" X^ X + ^;9+fc) 

fc= 0 ;=l+l 


2 ; 


( 

+ Ailq-k' 


W 




2 



gives, by Cauchy integral formula, for n — And + l<fc<n — 1, 


-A-ilq—k 


— / 
^Tri J\w\= 




27ri J\w\==R 

n—4mi 


dw 


-I n— 4mi 1 * 

if oi^k-k- + ^ilq+y) J 


2m ^ 2 


1 n-l 1 , 

^ / , 
27ri „ . , 2 JW= 


:R W 


+ w ^ 

:R ' 10*+ 1 

(ito — 


dw 


y . ^y 
+ w ^ 


Ml 


n— 4m/+l 

1 1 f w-’^ 

/ 7:-^lq-k' / -"'dw “ 


27ri 


jk^=n— 4mi4-l 


-— / 

2xi y|u;|=fl 

= ±f 

2m J\w\=i 




<iio 




k; 


,A:+1 


i I 

liri 


is-o 

. u;*+l 


dro. 

27ri y|ti;|=iJ 

Hence by the definition of g^R) and (7.2.5) we have for > 1, every n 
constant M, 


\A^l-k\ < M + 0 


< M 


i?* 


(p — e)4i9+* (p — €)-^(^+ ^ 
' 1 1 


RT 


.~k 


+ 0 


^k ' _ ^ylmn+n (p — e)4d+l)’«« " 

Now choose e > 0 so small that 1 < p e and 


< 


and 


(p - 

1 


1 


< 


^p _ g)4{i+l)m-l p4lm-l 


this together with (7.2.10) gives 

(5i,m,^(-^) + f -_J_^ 

\Aiql-k\ < ^ j 


or. 


hence. 






Agl-k 


9l,m,A 


M 


> no(e) and 


(7.2.10) 



Now since n- 4 .ml + l < k <n - I we have, ^ = 1 and so 

R 




Since e is arbitrary, this yields 


g,^,l(R) > for i? > 1 


which completes the proof for A - I- 

7.3 Our next concern will be the pointwise behaviour of /)>• 

1 i-A /r , xfz- f)\ is bounded at most at some finite number of points 

not only prove that {i- ^ ^ 

outside its region of convergence but 


Theorem 7.3.1 


Let f e A{Cp), p>l andl>l. Then for Tnl>l 


for all but at most 2lm - 2 voints outside [-1, l\and for mi > 1 ■ 

^^Cs,R>i forX = i 

n— *00 r 

for all but at most Aim -2 points outside [-1,1]. 

Proof For A I, consider, 

hx{z) = rn-l,i,5,A(^-> f) - /), 

. . w'^+w- 

= A;(A2;q-fc + ^2jq+fc)l 2 

t , _fc 

^'^{ Aifq + Amj-k + A2jq + 2injU ){ 5 ‘ 

fc=0 2=‘ fc , -k 


A ^ \ 

= '^\l{A2lq-kA A2lq^k)\ ^ 

k=0 

^Al(^2l9+2mI-fc + A2I<,+2m!+fc)(- 2 


^k-2ml ^ ^-fc-2ml 


) + 


fc =0 


+ 


•n-1 00 y + tr-*'. 

Yf 5^ Xj{A2jq-k + A2j<,+fc)l- 2 ^ 

jt=0;=i+l 


(7.3.1) 


(7.3.2) 


2 



^ OO k \ -k 

EE (■^2j9+2m;-fc + ■^2;9+2m;4-Jt) ( )w 

k=Oj=l+l ^ 

(E5A,a^,W-E5A.^: 

\k^0 ^ k^Q ^ 


k—0 
n-l 


^2lq+2ml-kW^ + 


n-l j n-l 2 

+ 5Z -^^l^2lq--kW~’' + Y1 7;^l^ik^k{w'' + 

A =0 ^ fc =0 

k=0 ^ 

-EhlA2,qMk(tO^-^^‘ + W 

k^O ^ 


~k--2ml 


) + e 


where 


0 = 


n-l 


+ w '‘ 


)- 


k=Qj=l+l 

Note that for i? > 1, 


EE {A2jq-k + AijqJrk) ( n 
Lfc=0;=Z+l ^ 

X \{A2]q+2m]-k + A2jq+2mi+k){ ^ )w 


0 = 0 


iJ" 


(p _ e)(2m(Z+l)-l)n^ 

Let R> p, thus from (7.3.3) aud (7.3.4) we have 


hx{z) 


-I /n-l n-2ml \ 

= i V^_ Y- 


+ 


iT 


2 vS ~ .=¥J "" ((^ " 


+ 


+ 


i?" 




ir 


(p_e)2I, (p_e)2!9+n 

\k=n+l-2ml k--2ml) 

BT i?" 


(p_ e)(2m(i+l)-l)n^ 


+0 


^p _ g^2imn+n ^p _ g^(2m(i+l)-l)n 


2m/ -2 


= - E ^lA2lq-k-{n+\-2m.l)^ 


t-^n-f-l — 2m/ 


+ 0 


il" 


yt=0 




2/mnTn 


(7.3.3) 


(7.3.4) 


(7.3.5) 


Note that for i? > p, by choosing e sufficiently small we can find r/i > 0 such that 

i?" f R 


< 


(p _ g)2imn+n \^p2 


^im-1 


-»7i 


Similarly for 1< i? < p from (7.3.3) and (7.3.4) we have 


hx{z) 


= 1 (g-- "g' ] A + O 

^ \fc=0 k=-2ml/ 



1 


R-^ 1 \ ^ 

{p — (p ~ ^ \ (p “ e)(2™('+i)-i) 


= 5(1: - 

\fc=n*fl~2m/ k^—2mlj 


o 


R-^ 


+ 


lq~kW + 

i?" 


_ g^2lmn-n ' _ g^(2in(/H-l)-l)n^ 

2ml— 2 


1 2 ml— 2 / T>—n \ 


Again for 1 < R < p, by choosing e sufficiently small we can find t ?2 > 0 such that 

R-'^ f R 


< 


^yilmn—n ^ ^p22m— 1 

Thus from (7.3.5), (7.3.6), (7.3.7) and (7.3.8) we have, 




(7.3.8) 


•1 2ml— 2 

hx{z) = 7 ^ S2 + O 


R 


A:=0 


r,2lm-l 


n 


(7.3.9) 


where ?7 is a positive number. 

If we assume that in (7.3.1) equality does not hold at more than 2ml — 2 points, say, 2ml — 1 
points, that is 


limirn_i,,,,,,(z, ; /)p/" < 


Uu, 


r,2ml-l ' 


y = 1, 2, . . . , 2ml - 1 


for 2 i, . . . , Z 2 mi-\ with images juJil, . . . , lw 2 mj-i| > 1 then we have 


limlfi,(^,)r/'^< 


\^A 

r,2mi-l ’ 


j = 1,2, . . .,2ml - 1 


and hence from (7.3.9) 

2ml— 2 

Y. A, = A."’ j 1 2"*' - ' 

where . , „ 


l/3;,nl < Kl 


ku. 






for some rji > 0, Ki > 1, 1 < j < 2ml - 1 and n = 1,2 Thus 


2mi ~2 


Y, J = 1. . . ■ ,2"*i - 1 


^•=0 


Solving this system of equations for A 2 iq-k-{n^-\- 2 mi) , A: = 0, 1, . - • , 2ml 2, we have 


2ml- 1 


A2lq- k- (n4- 1 -2ml) 





where c) axe constants independent of n, which gives 


\ A 2 lg - k -{ n + l - 2 ml ) 1 

\ i 7 ^-A-(n+l-iT 7 ii) 


W , 


<Jim 


< lim Ko 


1 


Vi 


"X 2tq-k-(n-rl-2ml) 


maxlw. 


< - 
P 

which is a contradiction to / € A{Cp). Hence our assumption that equality in (7.3.1) does 
not hold at more than 2m/ — 2 points was wrong. Thus 

zeCR,R>l forX ^ ^ 

for all but at most 2lm — 2 points outside [—1, 1]. 

Next for A = I consider, 

h{z) = /) - /) 

where z = [w + w~'^)l2. Hence from (7.2.7) we have 
h{z) = r„-i,i,,,A( 2 ;/) -'ty“^"‘'r;,,,„(z;/) 

/ 

-)- 


n -1 oo 
A:=0 j=f 

71 CXD 


lu* + u; * 


^ ) (.A4,Q^-4nt7— fc ”i“ .^4j?+4Tnj+fc) ( 


W^+W *= _4,„J 

Iw 

n / 


fc=0 J=l 
n -1 


V-^/Z 4 4 + lU"*' 

= / X-^k-k + A^lq+kli ^ 

/t=0 
n 

^ ^ (.^ 4 Z< 7 + 4 mi— fc .^ 4 f 9 + 4 rrLi+fc)( 


)- 




) + 


fc =0 


+ 


n -1 00 


fc= 0 ;=H-l 


n oo + - 4 mi 

y~) ^ (A 4 ; 5 + 4 Tn;-fc "I" 'A 4 _,q+ 4 m;-l-fc)( 2 

A:= 0 ;=l +1 


= rE'iA4„-4>”‘ - I + 


^ fc=o 


k=Q ^ *^=0 


n -1 1 
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n 


-k-4ml 


k=0 

A,1 


- E'n^k-h4ml+k(w^~^^ + + 0 


where 


0 = 


k=0 


n— 1 00 


(7.3.10) 


E'E + 

A:=0j=/+1 ^ 


A? — 0 

Note that for i? > 1, 


^ ^ ^ .y (-'^j9+4r7y — A: "1“ ■‘^jq+4mj-hk)( 


+ W 


-k 


-)w 


~4mL 


Q = 0 


BT 


Let R> p, thus from (7.3.10) and (7.3.11) we have 

-I / n-l n~4mZ \ / 1 

Hz) - 2 E - E' 

Vfc=0 k^-AmXj 


(7.3.11) 


+ 


i?” 


+ 


+ 


BT 


(p-e)‘^9. (p-e)4'9+" 


+ 0 


(p — (p — e)'^k-. 

( ^ ) 


1 / 


2 
+0 


E - EM^W+ 

k—n4-l~4ml k=-4ml J 
BT' 


+ 


if 


(p — (p — e)(4m(f-rl)-l)n 


4m/ -2 


= iE-4 


■Alq-k- (n-r 1 -4m/) ^ 


,A4-n— l-4mZ 


+ c 


if 


*=0 


.(p-e) 


4lmTi-i-n 


(7.3.12) 


Note that for i? > p, by choosing e sufficiently small we can find 371 > 0 such that 

i?" / i2 


(p _ g)4!mn-t-n yp 


k4/m-l 


-»7i 


(7.3.13) 


Sinoilarly for 1 < iJ < p from (7.3.10) and (7.3.11) we have 


1 /n— 1 n— 4m/ \ 

'•W = 5 E - E' U4„w+o 

^ \fc=0 k=-imlJ 


R- 


+ 


E-" 1 

+ V 41. _ +■ 


+ 0 


(p — e)^k-’>- (p — €)ii<7 

/ i?*^ 


2 

O 


(p — ^ (p — e)'**'^ ^ ^ \^(p — e)0'"(^'^0-0'‘ 

E “ E"" ) + 

\^jt=n4-l“4m/ k=-4mlj 


(p — (p — 


Ami -2 


— o -^Alq-k-{n-\-l-Aml)'^ 


kA-n'\-\~Aml 


+ 0 




k=0 




4/mn-n 


(7.3.14) 
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Again for 1 < i? < p, by choosing e sufficiently small we can find % > 0 such that 

R-’^ f R Y 


< 


% 


— gj4/mn~n ^p4Zm-l 

Thus from (7.3.12), (7.3.13), (7.3.14) and (7.3.15) we have. 


(7.3.15) 


1 iml—2 / Tf 

'* ' ■ „A:+ra+l— 4mi ^ ^ 




k=0 


Alm-1 




(7.3.16) 


where r; is a positive number. 

If we assume that in (7.3.2) equality does not hold at more than Ami— 2 points, say, 4ml — 1 
points, that is 

Jb^!rn-l,!,?,A(’^J •’ /) I ^ p4xril-\ ’ J* = li 2, . . . , Ami — 1 

for Zi,..., Zirni-\ with images |u;i|, . . . , |t 04 m 2 -i| > 1 then we have 


Urn |fr(z#/’‘ < y = l,2,...,4mZ-l 


and hence from (7.3.16) 


4ml— 2 

^4lq-k —{n4-l-4ml)^j 

k=0 




0j,n, i= 1, ...,4mZ- 1 


where 




for some rji > 0, Ki > 1,1 < j < Ami — 1 and n = 1, 2, Thus 


4mi-2 


Y, A,i,-k-in4.i-4mi)w'; = J = 1, . . . , 4mZ - 1 


k^Q 


Solving this system of equations for Anq-k--{n+i- 4 mi) , k = 0.1, 4mZ — 2, we frive 

4m/- 1 

\ __ {k) -n-4ml-l j 

-^4lq-k—{n4-l-4ml) / > 

;=i 

where are constants independent of n, which gives 

hm 1 A4i,-fc-(„+ 1 -iml) 1 

n — '00 ^ ^ 

' ' Iw ^ ^ 


<limUk,r(^-m 


1 


Vi 




~ I I p4m/-i max\wj\ 



1 

< - 
p 
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which, is a contradiction to / € AiCp). Hence our assumption that equality in (7.3.2) does 
not hold at more than Ami — 2 points was wrong. Thus 




R 


^4mZ— 1 ’ 


for all but at most Aim — 2 points outside [—1, 1]. 


z G Ctj, > 1 


Remark 7.3.1 Note that for A ^ j 

^ ^ e fl > 1 

for all but at most 2lm — 2 points outside [—1, 1]. That is 

Sr„-u,.A(A^ z^C^,R>X 

for at most 2lm — 2 points outside [—1, 1]. Thus for R > p^mz-i ^ 

: /)p/" < H, zeCR,R> 

n — ^oo 

for at most 2lm — 2 points, where S > 1. Similarly for A = | from Theorem 7.3.1 we have 
for R > 

< -B- zeCg,R> 

for at most Aim — 2 points, where S > 1. Thus, we can say that 

Theorem 7.3.2 // / € A{Cp) and I > 1, then /or A 7^ | and ml > 1 the sequence 

: /)}^i can bounded at most at 2ml — 2 points outside Cr.R = and 

forX = \ and ml>l the sequence ; /)}“=i can bounded at most at Ami -2 

points outside Cr^R = 

Now we show the sharpness of Theorem 7.3.1 in the sense that 


Theorem 7.3.3 Let p >1,1 > 1- 

(i) For if ml >landzi,..., Z 2 im -2 are arbitrary 2lm-2 points lying outside 

[-1, 1]. Let Wi, . . .,W 2 mi -2 be their images in the w-plane defined by the. mapping 

w + w~^ 


z = 


2 



i&L/Cl 


then there is a function f G A{Cp) with 

Jm /)!'/" < farX and j = 1,2,..., 2lm - 2. 

(ii) For X — 1 and ml >!:? 1, if ,^ 4 / 771-2 arbitrary Aim — 2 points ly- 
ing outside [-1,1]. Let Wi, . . . ,W 4 ,r„,i -2 be their images in the w-plane defined by the 
mapping 

w + w~^ 

then there is a function f € A(Cp) with 

Sr77-i,/,,,A(z,; forX =^ and j = 1,2,..., Aim - 2. 


Proof For (i) consider the system of equations 

2lm—2 

x: B2i,-k-nw’; = 0, i = 1, 2, . . . . 2Zm - 2 (7.3.17) 

k=0 

where are the unknowns and n > 0. Also (7.3.17) can be written as 

2lm-2 

'X V B^2lm-l)n~k+2lc'^j — .S(2/77i-l)7i+2Zc- J — I 7 2 , . . . , 21 m 2 

fc=l 

Solving this for B{^ 2 im-\)n-k+ 2 ic^ k = 1 ,... 2lm — 2 we obtain 

B(2lm-l)n-k->r2lc = CkB{2lm~l)n-{-2lc-> k = 1, . . . , 2lm — 2,n > 0 (7.3.18) 


where Ck are constants independent of n. Let cq = 1 and 

f{z) = fy^kTkiz) 

jb=0 


where 


Ck 


k{2lm-l)n-k+2lc p{2lm-\)n+2lc' 


k = 0,l 2Zm-2. 


Then / G A{Cp). Since cq = 1 thus Ak satisfy (7.3.18) and hence (7.3 17) That Ls 

2lm-2 

V A2„_,-,u>‘=0. i = l,2,...,2im-2 (7.:i.l!)) 

A:=0 

For any n > 0 let r and s be deternained by 


2lmn — s = {2lm — l)r. 0 < s < 2lm 2 
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fc=0 


Thus from (7.3.19) for n > 0, we obtain 

= jyA2lq-kWj+’^A2lg-kWj 

A:=0 k—s 

5—1 n— 1 

= y^fA2lmn-k+2lcW'^ + ■^2lmn-k+2lcf^j 

k-0 k-s 

s—l 

= '^^A2lmn-k+2lc'^j + 


k=0 
1 — n— 1 


Wj 2^ A( 2 lm-l)(r-p)-k^ 2 lcWj 

p=0 k=0 

= ^'A 2 imn-k+ 2 icW^ + 0 (from (7.3.19)) 


/ fc =0 

ol 


Thus from (7.2.6), (7.3.6) and (7.3.20) for i? > p we have 


rx— 1 oo 


^ Wj + Wj 

“U 


'w^ + 'W^ 


r„_l,J, 9 ,A(- 27 ; /) = Yl'Yl ^i^2tq-k + A2tq^k) 

k=0 i=l ' 

n-1 Z yjk ^ yj- 

= y^f^l{A2lq-k + A2lq+k) ( ^ 

k=0 ^ 

n-1 00 

^ K{A2iq-k + A2ui-^k) 

fc=0 x=i+l ^ 

= Y^']-XlA2lq-kw'‘j + ^ ^XlAllq-kWj'^ + 

k=0 ^ *=0 ^ 

Y^']rXlA2lq+k{w''j + Wj ^) 

H-1 OO V / ^7 ' ^7 

+ ^' f; \(A2„.i + I 

fc=0 i=l+l ^ 

/ 1 ^ 1 BT 




= O 


+ 


(p - " {p-eY^'-- ' (p-6)P'--i> 


= e» 


= o 


(p _ e)(2(i+l)m-l) 

E” 

(p_ g)(21m+l)nj 

E 




^2im-l 


-T7 


where r) is some positive number. 

Similarly for B < p from (7.2.6). (7.3.8) aad (7.3.20) « have 

n-1 00 


Wj + w] 


(7.3.20) 


(7.3.21) 



JUU I 


= + -A2ig+fc) 




n-1 00 / yjk , w~^\ 

XI K{A2^q-k + A2.ui+k) I 2 j 

fc=0 »=i+l ^ 

S « A/u42J5_fcW7* + 
fc=0 <:=0 

A:=0 ^ 

»-i 00 fw’^ + wy‘‘ 

+ '£''£ + ^2«+‘) ' 2 " 


A:=0 


= o 


1 , _?rL_+ 1 + 

^■\2lmn (p — e)2Imn-n _ ^ylmn 


i?” 

(p _ gy(2a+i)m.-i)« 


= c> — — 

yp2/m- 

where r) is some positive number. 
Hence from (7.3.21) and (7 3.22) 


(7.3.22) 


JiS;lr„_u,,»(2,;/)l''"<:=. andj = l,2,....2lm-2. 


For (ii) consider the system of equations 


where Bnq-k-n are 


E = 0. 7 = 1.2... -,4^-2 

k^O 

the unknowns and n > 0. Also (7.3.23) can be written 


(7.3.23) 


Um-2 

E Biu m— l)n- k+Uc^ 

k~\ 


= — B(4im-l)n+4ic- J — 1' 2, 4Zm 


Solving this for Bi^nm-iy-k^iU- 


^ _ X, . . . Aim - 2 we obtain 


B(41m-l)n'-fc+4ic — CfcB(4lm-l)n+4ic) 


A: = l,...,4im-2,n > 0 


(7.3.24) 


where Ck are constants independent of n. Let cq 1 and 


f{z) = Y!AkTk{z), 

fe=0 



where 


\Alm~l)n-k-\-ilc 


Ck 


A: = 0, 1, , 4lm — 2. 


p(4Zm— l)n-j"4/c ’ 

Then / G A{Cp). Since cq = 1 thus Ak satisfy (7.3.24) and hence (7.3.23). 

4/m-2 

A 4 lq-k-nWj =0. j = 1,2 4lm — 2 

fc =0 

For any n > 0 let r and s be determined by 


4Zmn — s = {4lm — l)r. 0 < s < 4lm — 2 
Thus from (7.3.25) for n > 0, we obtain 

= Y^A4ig-kW^ + ’^A4tg^kWj 
k=0 k=^0 k—s 

s-1 n-l 

^ 53 -^^iTun—k+Alc'^ y 53 -^4lmn—k-\-4lc'^j 

k—0 k~s 

s—l 

5 ^^ ‘^4:lmn—k+4lc^7 “f" 


k=0 

r-n-l 4/m-2 

Almn— (4/m- 1) (i — p) 


53 ^(4/m— l)(r— 
A:=0 


E < 

p=0 

s-1 

= 52 + 0 (from (7.3.25)) 

Jb=0 

= of ^ ). 

\^(p_e) 4 !mnj 

Thus from (7.2.7), (7.3.13) and (7.3.26) for i7 > p we have 

n-l 00 / yjk _j_ 

Fn-l,l,q,A(-2^j5 /) = E'E(^«- k F A^iq^k) ( 9 I 

fc=0 i=I \ / 


’izi fw^ + w7^\ 

Y^{Ailq-k + A^iq-k) y ^ j + 

71-1 00 


52 ^ 52 (^ 4 i 9 -fc + Ai - iq + k ) 


111* + UJ ' 


A :=0 
n~l i 

, X 


n-l 




fc=0 " 
n-l 1 


ik-0 


52^-A4i,+t(uij AW- ) 

k=0 ^ 

+ 52^ ^ (A4t4-*: + Aiiq-kk) ( — ^ ^ 


u;* 4- to 7*'' 


= o 


i=0 t=/+l 
1 


(p _ g)4lmn (p - e)^''""’ (p - 


+ 


ir 


That is 

(7.3.25) 


(7.3.26) 
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i?" 


= O 
= O 


{p — 


{p — 

' R V' 


o4/m— 1 


-V, 


where r] is some positive number. 

Similarly for i? < p from (7.2.7), (7.3.15) and (7.3.20) we have 

00 /jijk _|_ w~^\ 

A:=0 i^l \ ^ / 


n— 1 oo 


X) X + ■^^q+k) [ “ « 

jk=0 i=Z+l \ / 


jfe=0 
n~l 1 

2^ 


ib=0 


ik=0 


n-1 00 / t 

+ X"' X (^4tq-fc + Aitq-k) I 

k=Q i=l+\ \ ^ 


= O 


+ 


R-’^ 


(p — e)'^''”"- ' (p — e) 


4/mn— n 


+ 


(p- e) 


‘ilmn 


= O 

= o 


(p — e)0(^+0™-i)'‘^ 

/ i?-" \ 


(p _ g)(4Im-l)n^ 

' R V' 






where rj is some positive number. 

Hence from (7.3.27) and (7.3.28) we have 


\U}, 




j = 1,2 ,4/771 - 2 


which completes the proof. 


Bl,mAz]f) = ]im!rn-l./,q,A(^;;/)r^"> 


(7.3.27) 


(7.3.28) 


Next If we set 


210 


then from Theorem 7.2.2 we have 


f) < 


R 




z G Cji andX 7^ — 


and 


If for A 7 ^ I we set 


R 1 

f) < iml-l ’ ^ ^ CLTldX = — . 


R 


— {z\Bl,m,xiz', f) < ^Ornl-l f ^ P > 1 


and for A = | we set 


R 


kra,pX,if) = f) < f ^ MCp), P > 1 


then from Theorem 7.3.1 for A ^ I 


\Si,m.,p,x{f) n {z\z eCr,R> 1 }| < 2ml - 2 

and for A = I 

n {z\z eCr,R> 1}| < Ami - 2 

where 15| denotes the cardinality of set S. Thus if we designate a set Z of points as 
"(Z,m,p, A) — distinguished" if there is an / € A{Cp) such that Z E Sijn,p.xif)~ Theorem 
7.3.3 can be stated as 


Theorem 7.3.4 For A | and ml > 1 any set of 2ml — 2 points outside [— 1 . 1 ] is 
{l,m, p,X)— distinguished and for A = 5 and ml > 1 any set of 4ml — 2 points outside 
[— 1 , 1 ] is {l,m,p,^)— distinguished. 
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